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Note to my students

The lecture notes from class will be placed here, after a bit of for-
matting to make it nicer to read.






1
The Basic of Counting

1.1 Binomial coefficients

We want to count things. In general, we describe some class of
objects, which have an order, then we count all of them of a given
order.

Examples:

1. All binary strings of length n.

2. All binary strings of length n, which do not contain two consecu-
tive Os.

3. k-subsets of an n element set.
1.1.1 Theorem. For non-negative integers n and k, the number of k-
element subsets of an n-element set is

nn—1)n-2)---(n—k+1) n!

k! T =k

We denote this ratio by (}), which we read as “n choose k”.

Proof. Let L be the set of all ordered lists of k distinct elements
from {1,...,n}. For the first element in the list, we have n choices.
For the second one, we have n — 1 choices, and n — 2 for the third
element, etc. In general, when choosing the ith number for the
list, we have already used i — 1 numbers and so we have n —i + 1
numbers remaining to choose from. Thus

ILl=n(n—1)---(n—k+1).

We can count the elements of £ in another way. We can choose k
numbers that will appear in the list, and then we order the number
in all possible ways. Suppose there are N ways to choose k ele-
ments from {1,...,n}. There are k! way to order, or permute, each
k-element set. Thus

|L| = N(k!).

We have obtained from these two expressions for | £| that

nn—1)---(n—k+1)
k!

as required. O

N:
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Note that (}) = 0 whenever k > n. The empty sum is 0 and the
empty product is 1;

szo, szl.

xe® xed

Thus, x% = 1 and 0! = 1. Also, (3) = 1. For 0 < k < n, we have

(8) = m = (o)

This makes intuitive sense; the number of ways to select k elements
is equal to the number of ways to discard n — k elements.

The proof of Theorem 1.1.1 illustrates how many problems in
enumeration are solved

¢ We want to count something, but it’s hard.
* We can count an easier set of objects (lists).
* We relate the two quantities.

Unfortunately, these reductions are ad-hoc and not easy to find.
What to do? What if we want a way that solves many problems?
That is the goal of this course.

We make a calculus for enumeration problems; we convert
enumeration problems to elementary algebra. Let’s start with an
easy example.

There are 8 subsets of {1,2,3}; namely:

2, {1}, {2}, {3}, {1,2},{1,3},{2,3}, {1,2,3}.
Now let f(y1,y2,¥3) = (1 +y1)(1 +y2)(1 + y3) and we expand

fi,y2,y3) = 1+y1 +y2 + Y3+ y1y2 + yaya + Yay3 + yiy2ys.

There is a natural one-to-one correspondence between the subsets
of {1,2,3} and the terms in the expansion of f(y1,y2,y3). We will
take advantage of it to count things. For example,

f(1,1,1)=(1+1)>=8
and thus there are 8 subsets of {1,2,3}. Next, we have
flx,x,x) = (1+x)% =14 3x +3x2 4 x>,

The coefficient of x* counts the number of k-elements subsets of
{1,2,3}.

1.1.2 Theorem. For any non-negative integer n,

=5 (1)

k=0

Proof. Let y1, . ..,yn be variables and, for any subset S of {1,...,n},

let
Ys = Hyi-

ieS



S0, ¥{1,23) = V1y2y3 and yp = 1. From this correspondence, we get

I+y)A+y2) - A+yn)= Y, Vs
SC{1,...n}

We substitute y; = x for all ; then yg will become x/5!. Hence,
1+x)"= Y b
SC{1,..n}

Using Theorem 1.1.1, we see that

as claimed. 0

We often write [n] for {1,2,...,n}.

This proof was a “combinatorial proof”; we do some counting
and we prove an algebraic identity. Let’s do it again, but a bit more
complicated.

1.1.3 Theorem. For non-negative integers n, k,

n+k\ i n+i—1
n ) =\ n-1)
Proof. Let S denote the set of all n-element subsets of [n + k]. By
Theorem 1.1.1, we have that

s (1)

Consider a n-subsets A € S. The largest number in A is at least 7.
For eachi € {0,...,k}, let S; be the. set of all sets in S where the
largest element is nn + i. Thus (Sp, Sy, ..., Sk) is a partition of S and
thus

S| = [Sol + [S1] + -+ + |Skl-

Now if A € S;, thenn+ic Aand A\ {n+i}isa (n—1)-element
subset of {1,2,...,n+i—1}. Then Theorem 1.1.1 gives us that

n+i—1
si= (")

Hence,
|S| = [Sol +[S1] + -+ [Sk|
n—1 n n+k—1
~(a) () (5
and the result follows. O

Let A(x) = Y,>0a,x" be a series ( or a polynomial), then we
write
[x"]A(x) = ay.

The coefficients of polynomials and series have meaning for us and
this is how we extract them.

THE BASIC OF COUNTING
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8 COMBINATORIAL ENUMERATION

1.2 Generating function

Here’s the general enumeration problem we want to solve:
Problem: Suppose that S is a set of “configurations” and for each
configuration ¢ € S, we have a non-negative integer weight w(c).
For a given integer k, how many elements of S have weight k.

Later in the course, we will say more on what is a combinatorial
class. If this interests you, you would enjoy category theory. For
now, just S to be some family of objects, so that you can assign
weights to each element.

1.2.1 Example. Let S be all subsets of [n]. For o € §, its weight
w(o) = |o|. We found that the number of elements of S of weight k

is (7).
Let S be a set of configurations with a weight function w. The
generating function of S with respect to w is defined as follows:

Dg(x) = E x@(@),

oeSs

We can collect like terms (powers of x) in ®g(x) and obtain
Ps(x) =Y @ =Y Yoo 1] =Y gt
€S k>0 \ ceSw(o)=k k>0

where a; is the number of configuration in S with weight k.
Let S be all subsets of [n]. This is sometimes known as the power
set. Let the weight of A € S be w(A) = |A|. Then

o5 = (3) + (§)r+ (3)2 o (0)

Ps(x) = ki) (Z) =1+

Let S be the set of all integer pairs (a,b) wherea € {1,3,5}
and b € {2,4,6}. Let w((a,b)) = a+ b. Let’s write the generating
function of S with respect to w.

Thus,

D (x) _ xl+2 +xl+4 +xl+6 +x3+2 +x3+4 +x3+6 +x5+2 +x5+4 +x5+6_
Collecting like terms we get,
@ (x) = 2% +2x° +3x7 + 227+«
which you can see factors as follows:
@ (x) = (2} + 23 +x°) (¥% + 2 + x0).
Why is this the case and can we use it?

1.2.2 Theorem. Let ®g(x) be the generating function for a finite set S
with respect to a weight function w. Then

(@) @s(1) = [S;



(b) the sum of the weights of all the elements of S is equal to ®¢(1); and

(c) the average weight of an element in S is zlzg;

Proof. Note that
®5(1) = Y 1900 = 3].

ces

Similarly,
Py(x) = Y w(o)sL

oeS

Thus,
(1) = )_ w(o)
ceSs

as required. Part (c) follows from (a) and (b). 0

What can we get out of this? Let’s return to the example where
S is the power set of {1,...,n} and w(c) = |o| for ¢ € S. Since the
weight is the cardinality, there are (}) elements of weight k and we

f() (1+x)".

can write

Now we see that |S| = ®g(1) = 2". Further,
@5 (x) = n(1+x)"",

and so
5(1) =n(2)",
and so the average weight of an element of S is

(1)  n@)" 1t n

dg(1) 27 2

1.3 Formal Power Series

We’ve said we will make a calculus to do enumeration. Here it is.

When S is a finite set, ®g(x) is a polynomial. When § is infinite,
we need to deal with some subtleties. We assume that there are
only finitely many elements of S of any given weight, so that the
generating is well-defined.

Let (ag,a1,4az,...) be a sequence of rational numbers. The expres-
sion

A(x) = ag + a1x + apx® + - - -

is said to be a formal power series. We say that a, is the coefficient of
x"in A(x) and we write a, = [x"]A(x). The formal power seires is
just another way to write a sequence of rational numbers, usually
for the purposes of manipulation.

Two formal series are equal iff they have the same sequence of
coefficients.

Formal power series are trying to be polynomials. If A(x) =
ag + ayx + arx> + - - and B(x) = by + byjx + byx® + - - - are formal
power series, then we define

A(x) 4+ B(x) = Y _ (an + by)x", (1.3.1)

n>0

THE BASIC OF COUNTING

9



10 COMBINATORIAL ENUMERATION

and
n
A(x)B(x) =) (Z akb”k> Xt (1.3.2)
n>0 \k>0
Please note that these are definition. Luckily, A(x) and B(x) are
polynomials, these definitions agree with their usual usage. Addi-
tion is clear; for multiplication, we see

A(x)B(x) = (Z aixi> <Z bjxj>
i>0 >0
- ¥ L b

i>0j>0

= Z Zakbn,kx"

n>0k>0

We needed some care in defining infinite sums and products, but
here there is no ambiguity; there are only finitely many terms
contributing to any coefficient in the resulting formal power series.
Thus A(x) + B(x) and A(x)B(x) are well-defined.

What other operations do polynomials have? We also want to
compose A(x) and B(x) as follows:

A(B(x)) =ap+ alB(x) +a2(B(x))2 + ...

However, unlike the case for polynomials, this is not always well-
defined. Take A(x) =1+ x+x%2+--- and let B(x) = 1+ x. Then,

ABx) =1+ 1 +x)+(1+x)>+---.

What is the coefficient of x? here? There are non-zero contributions
from an infinite number of terms, so A(B(x)) is not a formal power
series. The solution to this issue is we forbid all the bad cases. The
problem here was that B(x) has a non-zero constant term.

1.3.1 Theorem. If A(x) and B(x) are formal power series and the con-
stant term of B(x) equals 0, then A(B(x)) is a formal power series.

Proof. It suffices to show that each of the coefficients have non-zero
contributions from finitely many terms. We can write A(x) =

ag + apx + azx* + - and B(x) = xC(x), for some formal power series
C(x). Then

A(B(x)) = ag + a1xC(x) + apx*(C(x))> +--- .

For each k > 0, note a;x*(C(x))¥ is a formal power series (since it is
the product of k 4- 1 formal power series). Moreover, for each n < k,
we have

[x"ax*(C(x))* = 0.

Thus,
[x"]A(B(x)) = [x"](ao + a1xC(x) + ax*(C(x))?

+ .. )
= [x"])(ap + a1 xC(x) + axx*(C(x))* +

- anx"(C(x))")
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We see that this expression for the coefficient of x" is a formal
power series because it is a finite sum of formal power series and so
it is a finite number. O

Polynomials also have division. This is slightly more compli-
cated. We start by taking inverses.
We say that B(x) is the inversion of A(x) if A(x)B(x) = 1; we

write B(x) = A(x)~! or B(x) = ﬁ.

1.3.2 Example. Show that the inverse of 1 — x is

T+x+a24---.
Solution. We observe
(1-x)14+x+22+)=1+x+x*+- ) —x(I+x+x*+---) =1,

as required. O

The formal power series 1 + x + x% + - - - is the generating
function for the set of non-negative integers. We will also frequently
consider S = {0,...,k}, whose generating is

Og(x) =1+x+x2+- - +x5

We observe that
1— k+1
= =T (A4

=(14x4+22+) =T A +x+2+--0)
=1+x+xr 4+ +axk

We may refer to this as the (infinite) Geometric Series. We will now

use (1 —x)~! to compute other inverses.

1.3.3 Example. Determine the inverse of 1 — x + 2x?.

Solution. Let P(x) = 1 — x. Note that 1 — x +2x? = 1 — (x — 2x?) =

P(x —2x?). Using that P(x)~! = 1+ x + %+ - - -, we have that

(1I-—x42x) =P —223)" =1+ (x—243) + (x —2x2)2 - --

We could have simplified more, but we only wish to demonstrate
how to compute inverses with composition.

1.3.4 Example. Show x has no inverse.

Solution. If B(x) = by + byx + byx? + - - - is any formal power series,
then
XB(x) = box 4+ b1x® + bpx® + - - - .

If B(x) were the inverse of x, then we would have that [x°]xB(x) =
1, but it is not. Thus x has no inverse. O

Which formal power series have inverses?

1.3.5 Theorem. A formal power series has an inverse if and only if it has
a non-zero constant term.

11
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Proof. Let A(x) be a formal power series with constant term «.

If « # 0, then there is a formal power series C(x) such that
A(x) = a(1 —xC(x)). Let P(x) = (1 — x); thus A(x) = aP(xC(x)).
We know that P(x)~! = 1+ x +x% +--- from our example. More-
over, by Composition Theorem P(xC(x)) is well-defined, since
xC(x) has a zero constant term. Thus A(x)™' = a~!P(xC(x)) ! is
well-defined formal power series.

If « = 0, then A(x) = xC(x) for some formal power series C(x).
Note for any formal power series B(x), the product A(x)B(x) =
xC(x)B(x) # 1. Thus A(x) has no inverse. O

1.3.6 Theorem. If a formal power series has an inverse, then it has a
unique inverse.

Proof. Suppose that A(x), B1(x), Bp(x) are formal power series
where By (x) and B, (x) are both inverse of A(x). Then

B (x) = B1(x)(A(x)Ba(x)) = (B1(x)A(x))Ba(x) = Ba(x)

with some help from your assignment on Thursday. O

1.4 Binomial Theorem Revisited

For any real number a4 and non-negative integer k, we can define

<a> _ a(a—l)--l-(!(a—k—i-l).

k
1.4.1 Theorem (Binomial Theorem). For any rational number a,
(0= 1 (k) o,

We will not prove this theorem but we will need to use it. For

example,
—n\ _ (—n)(—n—-1)---(—n—k+1) _ (—1)k n+k—1
k) k! N k '
We can use this to write:
(1-x)"=) (n +Il§_ 1)xk.
k>0
1.4.2 Lemma.
—1)k1 2k -2
1+x)/2=1 k
(1+x) +k§0 =P <k_1>x
Proof. (Sketch). First we show that
1/2\ (1)1 /2k-2
k) 2%l \k—1)’
then the result will follow from the Binomial Theorem. O
Let’s do a composition of this with /i(x) = —4x. We will obtain:
(1—4x)"2=1-2 Z <2k 2) xK. (1.4.1)
k>1

We will need this later.



THE BASIC OF COUNTING 13

1.5 Catalan paths and Catalan numbers

Lattice paths are paths on the integer lattice in 2-dimensions with

steps that consist of moving one unit up (“u”) and unit right (“r”).
What is the number of lattice paths from (0,0) to (m,n)? This

number is ("™).
. . . —
3 . o
2 . .
L
1 .2 .3
. . .
3
2 .
1 o .
D
1 2 3

Figure 1.1: Lattice paths and Catalan
paths.

Lattice paths: paths starting
at (0,0) and takes n up and n
right steps.

Catalan paths: paths start-
ing at (0,0), takes n up and
n right steps and does not go
below the y = x line.

A Catalan path is a lattice path from (0,0) to (1, n) which never

goes below the y = x line. Here, we will say that a Catalan path has

length n if it ends at (n,n). Let ¢, be the number of Catalan path of

length n. We have

co=1,c1=1c=2,c3=5,...

Figure 1.2 shows all of the Catalan paths of length 3. Our next step

in determining ¢, is the find a recurrence.

Figure 1.2: All Catalan paths for

L

Any Catalan path of positive length touches the line y = x at
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least twice. If it meets y = x exactly twice, then it can be repre-
sented as a sequence of us and rs as follows:

uunr

where « is a Catalan path of length n — 1.

1.5.1 Theorem. If ¢, is the number of Catalan paths of length n, then
co=1andifn>1,

n
Cn = Zciflcnfz*
i=1

Proof. For n > 0, let y be a Catalan path of length n and let i be the
least positive integer such that 7y pass through (i,7). Then 7 splits
into two parts; the first part is a Catalan path 7; of length i which
only meets the y = x line twice and the second part 7, is a Catalan
path from (i,7) to (n,n).

The number of choices for 7 is ¢;_1 and the number of choices
for 7 is ¢, ;. Summing over all possible values of i, we get the
required result. O

Next let’s look at the generating series. Let C(x) be the generat-
ing function for the Catalan paths of length #;

Clx)=1) cexk

k>0

Recall that

n
A(x)B(x) = Z (2 akbnk> X"
n>0 \k=0
1.5.2 Theorem. If C(x) is the generating function for the Catalan num-
bers, then

C(x) =1+ xC(x)%

Proof. We will consider the coefficients of x" on both sides. The
coefficient of x° on both sides is 1.

We may assume n > 0. We have [x"|C(x) = ¢, by definition.
The coefficient of x" in 1 + xC(x)? is the coefficient of "~ in C(x)?,

which is
n—1 n
Z CkCn—1-k = 2 Ci—1Cn—i
k=0 i=1
which is equal to ¢, by Theorem 1.5.1. O

Now we have 1 — C(x) + xC(x)? = 0.
The set for formal power series forms a ring. A rational function is
P(x)

6] where P(x), Q(x) are formal power series and Q(x) # 0. The

rational functions form a field.
We have quadratic equation over the field of rational functions,

and we can solve it using the usual formula as follows:

14 (1 —4x)V/2
C(x):—( 7z ) .
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Recalling what we did in equation (1.4.1), we obtain the following:

g g Ly (L 1222
C(x)_inZx(l 4%) _in<2x xk;k(k—l A

We know that C(x) is a generating function and so has non-
negative coefficients, and so we know we have to take the minus in
the & coming the quadratic formula to obtain:

- LA E ()

k>1 n>0

1.5.3 Theorem. The number of Catalan paths of length n is nlﬁ(z;)

In general, this is a method of enumeration; first find a recur-
rence relation for the coefficients, translate the recurrence into a
recurrence for the generating function, solve the equation involving
the generating function and then extract the coefficients using the
Binomial Theorem.

The Catalan numbers are a very famous sequence of numbers. It
is largest entry in OEIS, and they enumerate many combinatorial
classes of objects. If S and S’ are sets with weight functions w and
w', respectively, and the number of elements of weight n in § is
equal to the number of elements of weight n in S’, then we say that
S and S’ with their weight functions, are equinumerous. (Note that
this can happen, even when there is no “combinatorial” bijection.)

We are heading towards enumerating set partitions of [n]. We
want to count partitions of [1n] where every part has distinct size, or
partitions where every part has odd size. An integer partition of n is
asum )", a; = n where a; > 0 and a; > a;,1. Every partition of [1]
gives rise to an integer partition of n.

Another class enumerated by the Catalan number is the of
“legal” words in brackets. Let B be the set of strings with symbols
“(” and “)”, such that the number of ( is equal to the number of )
and, in any initial string, the number of ( is at least the number of
) brackets. The weight (or length) of a bracket word is #, if there
are n ('s and n )’s. We can give an easy bijection between the set
of Catalan paths of length n and the bracket words of length n as
follows: consider the map taking ( to u and the ) to r. This takes
bracket words to words in u, 7, which we can show are Catalan
paths.

1.6 Sum and Product Lemmas

To enumerate the classes of objects that we’ve discussed, we’ll need
a few more tools.

1.6.1 Theorem (Sum Lemma). Let (A, B) be a partition of a set S then

Ds(x) = Pa(x) + Pp(x).

15



16 COMBINATORIAL ENUMERATION

Proof. We have that

D(x) = Y x¥0 = Y x4 Y 100 = @y (x) + Op(x)

g€eSs gEA oEB
since A, B partitions S. O

More generally, if A, B are sets, then
Dup(x) = Pa(x) + Pp(x) — Panp(x).
For sets A, B, the cartesian product of A and B is the set
AxB={(ab)|acAbec B}

1.6.2 Theorem (Product Lemma). Let A, B be sets of configuration
with weight function « and B, respectively. Let S = A x B. If w(c) =
a(a) + B(b) for o = (a,b) € S, then

D axp(x) = Pa(x)Pp(x).
Proof. Exercise. O

1.6.3 Example. Let S be the set of all k-tuples ¢ = (a3, ...,a;) where
a; is a non-negative integer. Let w(0) = aj + - - - + a;. Determine the
generating function.

1.7 Integer solutions

Problem: Let k, n be fixed non-negative integers. How many solu-
tions are there to the equation 1 +tp + - -+t = n when t1,tp,..., f;
are non-negative integers?

Solution. If k = 2 and n = 3, we have
3=34+0=0+3=1+2=2+1

four solutions.
Let N>; denote the set of integers that are > i. Let

S = Nxg x N x -+ N>g = N&,,.

Any solution (f1,1ty,...,t) to the equation is an element of S such
thatty +tp 4+ -+t = n. Letw(ty, by, ..., t) =+t + -+ b
The solution to our problem is

[x"] D5 (x).

But S is a Cartesian product. If we define w(t;) = t; for all t; € N>,
then we may apply the Product Lemma to obtain,

P (x) = (P ()"

By apply the Sum Lemma, we can obtain

Dy (¥) = ) Py (x) = ) ¥

i>0 i>0



So we have )
Dg(x) = (;)x’) =(1-x)"k
Recall ) r1
R G

+k—1
n I ).

Now that we can do the basics, let’s add some restrictions.

from the Binomial Theorem. Thus the answer is (

Problem: Let k, n be fixed non-negative integers. How many solu-
tions are there to the equation t; +tp 4 - -+t = n when t1,tp,..., f
are non-negative integers such that t; > i, fori =1,...,k?

Solution. The generating function for the solution is

k
¢]\]21 ><N22><“'><N2k (x> = H©N2i (x)
i=1

|
:]»

>
i

1

Il
—_

i Xj
j>0

=2

xi(1—x)"?

- I

I
—

—_ x1+2+-“+k(1 _ x)fk

k+1

— x( 2 )(]_ _x)_k

and the answer

xn x(k?) —xik: xni(kél) —xik: n—(g)—l
(3 (1 ) F = (D) - ) (n_@))-

Let’s check that our Product and Sum Lemmas agree with what
we already know. A subset of size k of [n] can be uniquely repre-
sented as a vector of n — k os and k 1s. Ex. {1,2} of [5] is (1,1,0,0,0).
Problem: Let k, n be fixed non-negative integers. How many solu-
tions are there to t; + -+ - + f, = k, where t; € {0,1} fori =0,...,n?

Solution. The generating function for the set of solution is

Doy (%) = (Do) (1)) = (1+1)"

whose x* coefficient is (}), as it should be. 0

1.8 Compositions

A composition of an integer n with k parts is an ordered list (cq, ..., k)
of positive integers cy,...,cx such thatc; + - -+ + ¢ = n. Here
n,k > 1, but for mathematical convenience we will allow a single
(empty) composition with o parts, which is a composition of 0.

For example, the composition of 4 are as follows

4),(3,1),(2,2),(1,3),(2,1,1),(1,2,1),(1,1,2),(1,1,1,1).

THE BASIC OF COUNTING
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Problem: How many compositions of n with k parts are there, for
nk>1?

Solution. Let S = N§1 and w(cy,...,cx) = ¢c1+ -+ ¢ Then, a
composition of n with k parts is an element of S with weight n. Let
w(c;) = c; for ¢; € N>, for all i. Then the Product Lemma may be
applied to obtain

P(x) = P (1) = (@n, (x))

>1

Then,

k k
["]®s(x) = [x"] (Z xi) = ["]a" (Z xi) = (10

i>1 i>0

by the Geometric Series. This is the same as [x" ] (1 — x)_k which

k+n—k—-1\ (n-1 .
n—k T \n—-k/)°

Problem: How many compositions of n with k parts are there, in

1S

which each part is an odd number?

Solution. Let S = N¥,, where Nyzg = {1,3,5,7,...}. We will use the
same weight functions from before. The required compositions are
the elements of S with weight n and so it is

[x"]®s(x) = [x"] Py (x)

odd
= [x"] (CDNadd(x))k, by Product Lemma

k
_ [xn] (x Z x2i>
i>0

= [x"]x¥(1 = x*)7%, by Geometric Series
= - )

Y <k + z - 1>x2i'

i>0

The coefficient is 0 is n — k is odd (as it should be). If n — k is even,
then the term we want is i = #—k/2 and we obtain

) ()
n—k - n—k |°
2 2
Problem: How many compositions of n are there, with k parts,
where each part is at most 5?
Solution. Let S = {1,2,3, 4,5}k and the required compositions
are exactly the elements of S with weight n (retaining our weight



functions from before). Thus the required number is

[x"]®s(x) = [x”]‘b{1,2,3,4,5}k(x)

k
= [x"] (<1>{1,2,3,4,5}(x)) , by Product Lemma
k
= [x"] (xl + 2%+ 2%+ 2t +x5)

1-x%)\"
= [x"] (36(1_35)) , Geometric Series

= [x"]xF(1 = 2®)F(1 - x)

(g ) 50
e (50 (B0
() )

iZOMZj:n_k JZZO (f) (—1)f (k +; - 1)

- E (e ()

Next, what happens the number of parts is not specified?

Problem: How many composition of n are there, for n > 0?

Solution. Let S = Uy>o N§1 where k = 0 is the empty composition of
0. -

The compositions of n are elements of S of weight n, retaining
our weight functions from before, and so the number is

[x"]Ps(x) = [xn]q)uk>0 Nk, (x)

Y <I>Nk x), by the Sum Lemma
k>0 7

= [x"] Y} (Pn., (x))¥, by the Product Lemma
k>0

—_ xn] Z(in)k
k>0 i>1
=" ) (x(1— x)" K, by Geometric Series
k>0
1
1—x(1—x)"1
A-x
1—x—x
1—2x+x
= m-__— -
.

by Geometric Series

x
1-—2x

= [x"]1+

THE BASIC OF COUNTING
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20 COMBINATORIAL ENUMERATION

We use the Geometric Series formula again to obtain

X
n _ n
['x ]®S('x) - [x ]1+ 1 _zx
= ["](14+x Y (2%))
i>0
= [x"](1+ EZixi+1)
i>0
B 1, n=20
)2, w1
We used here thati +1 = n. O

The number of composition, say a;, of compositions of # in
which all parts are at least 3 is

1—x
=i

What is 2,7 Well, in this case, it’s a bit messy, so we will instead
only give a recurrence for a,.
Let A(x) = Y ;>0 anx". We have

AN=1"7"»%
(1-x—xHA(x)=1-x
A(x) —xA(x) — xPA(x) =1 —x.
For n > 3, we see
[x"](A(x) — xA(x) — XA(x)) = [x"](1 —x)
(X" A(x) — [x" 1 A(x) — [x"]A(x) =0
ay — a1 —ay—3 =20
ay = ay—1 + ay—3.

We have that ag = 1, a1 = 0, ao = 0. The relation that we found is a
linear recurrence and the initial conditions.



2
Words and Languages

You may recall that the Catalan path were encoded as strings of u’s
and r’s — in other words, as binary strings. Many useful objects can
also be encoded as binary strings and we will now enumerate these
object in more detail.

Let 2 denote some set of symbols (often finite); we will refer to X
as an alphabet. A word over the alphabet X is a finite sequence

ajap - - - ag

where a; € X. Here, k is the length of the word. We will allow the
empty word of length 0, which we will denote €. If we are given
two words over X, say

¥=aay---ag, PB=Dbi---by
then a8 denotes their concatenation, which is the word
ayay - - - agby - - - by.
We note ae = en = a and that concatenation is associative
(aB)y = a(By).

This means that the set of all words over X under concatenation
operation forms a monoid, or a semigroup with an identity.

A (formal) language over X is a subset of the set of all words over
2. We denote the set of all words over X by X*.

Since a language L are subsets of ¥*, the complement L of L is
a language and, if L, M are languages, then so is their union and
intersection. We can also define the product LM by

IM={aB|a€eL, e M}
Hence we can define L" recursively by
L= {e}, L" = LL".

We commonly denote the union of L and M by L + M, and then we
define the Kleene closure L* of L by

L*=L'+L'+1?+... =) Ik
k>0
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This notation is consistent with the definition of ~*, which is the
Kleene closure of the alphabet.

For example, we will later consider the set of binary strings,
which is {0,1}*. In this context, we often call the words “strings”.
A weight function on an alphabet ¥ is a function from X to the

non-negative integers. We may think of a weight function as a
rule assigning a weight to each letter. The weight w(a) for a word
& =ay---ais

i=1

Let us consider a familiar example, the Catalan paths, as running
example.

Let £ be the language of ¥ = {4, b} that consists of all words that
contain n copies of a and n copies of b, and have the property that if
« = By then the number of a’s in B is at least the number of b’s, for
n=0,1,2,.... If we define w(a) = 1 and w(b) = 0, the weight of a
word will be the number of a’s in it.

We will prove

L={e}+aLlbL. (2.0.1)

First, € is the unique word in £ with 0, and so we need only
prove that every non-empty word in £ is in aLbL. Suppose & € L
has non-zero weight, then we factorise « as

a=py
where B, € £ and w(p) > 0. There clearly exists at least one such
factorisation, and so we will take the unique factorisation such that
w(pB) is minimal. What are the first and last elements of B?

The last element of § must be b and so p = af1b, where 1 € L.
So B € alb and thus « € aLbL. This show that each word « of
positive weight in £ can be uniquely factorised as « € aLbL.

Now we do some enumeration. We define a map ¥ for lan-

guages of {a,b} to generating functions. As usual, we set ¥(a) = x
and ¥(b) =1and ifa = ay---a; € {a,b}*, then

k
Y(a) = H‘I’(ai) = x(®),
i=1
Finally, if L C {a,b}*, then
Y(L) =) ¥(a).
ael

Then ¥(L) is the generating function for L with the given weight
function.

We immediately see that if M; and M, are languages of X and
M; N M, =@, then

T(M] + Mz) = "P(Ml) + T(Mz)

2.0.1 Lemma. Let L, M1, M; be languages of £ and L = MiM,. If
each word o in L can be expressed in exactly one way as a concatenation
(“uniquely created”) B1 B, where B; € M;, then

Y(L) =¥ (M1)¥(Ma).



Proof. Left as an exercise. O

2.0.2 Corollary. Suppose L, M are language over = and that L = MF. If
each word in L can be expressed in exactly one way as the concatenation of
k words in M, then ¥ (L) = ¥ (M)

Note that if e € M, then M will not have the unique factorisa-
tion property.

We don’t have this issue of £, so we may apply the lemma and
obtain the following:

V(L) =Y¥({e}) +¥(a)¥ (L)Y (D)F(L) =1+ xF(L)>

Thus we have obtained the equation satisfied by the generating
function of the Catalan numbers without first determining the
recurrence explicitly.

Compositions are also languages. What is the generating func-
tion of the number of ways we can write n as the sum of integers,
each of which is 1 or 2? Take ¥ = {ay,a,} where w(a;) = i. Then XX
will give the number of ways of writing 7 as k 1s and 2s and so

11
1—(x+22)  1-¥Y(E)

¥(E) = Y =
k>0

In fact, we can formalize this more generally as follows.

2.0.3 Theorem. Let w be a weight function of ¥ and let L be a language
over ¥ such that

1. zfi;éj,thenLiﬂU:Q'

2. if w € LX, then there is a unique choice of elements 1, ..., By in L such
that o« = ﬁl-“bk'

Then 1
¥(L) = — =~
(L%) 1—¥(L)
Proof. L* = {€} + L' + L? 4 - - -. The sets in the sum are pairwise
disjoint by condition 1 and each element of L* can be expressed
uniquely, by condition 2, and so

(L) = ) ¥ =Y ¥(L) = 1—1‘P(L)

k>0 k>0
as required. O

The set of all binary strings is {0, 1}*. Consider this language
with weight function w(0) = 1,w(1) = 1. Clearly all the strings
over the alphabet {0,1} with weight m are uniquely obtained from
{0,1}™, as a Cartesian product, by “removing all the commas”.
Thus they are uniquely generated and

*\ 1 _ 1 _ [
YO = ey e &

i>0

which is what is ought to be.

WORDS AND LANGUAGES
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24 COMBINATORIAL ENUMERATION

2.0.4 Lemma. {0,1}* = {1}*({0}{1}*)* and the element of {0,1}* are
uniquely created on the right hand side of this equality.

Proof. Each element « of {0,1}* has k occurrences of 0, for some k.
Thus,

0N = b10b20 s kabk+1
where b; are (possibly empty) strings consisting entirely of 1s. Thus
b; € {1}*, and the result follows. O

Problem: Let a, be the number of words in {0,1}* which contain
no consecutive pair of 1s. Show that

1+«

m=Wr e
forn > 0.

Solution. Let S be the set of words in {0,1}* which contain no
consecutive pair of 1s. We see that

0,1} = {1}*({0}{1}")* = {e,1,11, ... }({0}{e, 1,11,...})".

Then,
S ={e,1}({0} e, 1})*

which uniquely creates the elements of S. And now
¥(5) =¥({e1N¥(({0He, 1)) = 1+ 2)(1 —x(1+x)~!

and the result follows.

2.1 Forbidden substrings

If L is a language, we use L™ to denote the set of non-empty words
in L*. Then, if € is not in L, then LT = LL* and so

¥(L)
Y(LT) = =¥ (D)
Using our block decompositions from previous class, we can now
count words with prescriptions on the lengths of the blocks. What
if we want to forbid a given substring?

Let X = {a,b} and let L be the set of word over X that do not
contain the substring aba. We want to know the number of words in
L of length n, for each n.

To do this, we need an auxiliary language. Let M denote the set
of words of 2 which have form yaba and contain exactly one copy
of aba (so the final copy is the only one).

Now M # Laba. Why? Some words in L can end in ab. What is
Laba? If « € L ends in a or bb, then aaba € M. Otherwise, & ends in
ab and so a = «yab, then yababa € Mba. Thus

Laba = M + Mba. (2.1.1)
Also, consider L + M. We can show

e+La+Llb=L+M (2.1.2)
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Let L(x) and M(x) be the generating function ¥(L) and ¥ (M),
respectively. Then, from (1) and (2), we get
L(x) = M(x) + x> M(x)
1+ xL(x)+ xL(x) = L(x) + M(x).
We can just solve this system, like any other system of two equa-
tions in L, M. We get
M(x) =14 (2x —1)L(x)
CL(x) = (14 (2x = 1)L(x))(1 + x?)

Then we can obtain

_ 1+ x?
o 1—2x+x2—218

L(x)

and
3

M(x) = 1—2x+x2 —x3

2.1.1 A word game

Let’s play a game. We toss a fair coin with sides labelled a and
b, stopping once we have observed the sequence aba. What is the
average length of the game?

2.1.2  Probability

Suppose we have some “random variable” taking non-negative
integer values, where p; denotes the probability that it takes the
value i. So p; > 0 and }; p; = 1. The probability generating function
P(x) is the following:

P(x) =) pux".
n#£0
For example, if our random variable is the result of fair coin toss,
then 11
P =~ + —x.
(x) =5+ 5x

If the random variable is the number of times head occurs when
we toss the coin #n times, then

P(x) = <; + ;x>n = kéz” <Z> XK.

2.1.1 Theorem. If we have independent events with probability generat-
ing functions P(x) and Q(x), then the probability generating function of
their sum is P(x)Q(x). O

2.1.2 Lemma. If P(x) is the probability generating function of a random
variable, then P'(1) is the average values of the random variable. O

25



26 COMBINATORIAL ENUMERATION

Note that the series of P’(1) might not converge; in that case, we
would say the expectation is infinite.

Back to our game. The probability that we stop on the nth coin
toss is 27" times the number of strings in M with weight n. If

M(x) = Zcixi
i
then this probability is ¢, /2". Then we see,

Y27 =M(1/2) =1

as we would expect. The expected length of the game will be
1/2M'(1/2) = 10.

2.1.3 The game, revisited

Let’s play another game. Two players toss a fair coin consecu-
tively, recording heads as a and tails as b. Before starting, they each
choose distinct words a and 8 of length k in {a,b}*. The player
whose word appears first wins.

Problem: Given «, 8, determine the probability that the player
who chooses « wins.

To solve this, we need some machinery. A prefix of a is an initial
substring of «. The word abaa has 5 prefixes: €,a,ab, aba, abaa. A
suffix of a consists of the last i symbols on a. We define the set of
quotients B : « of « and  to be the set of suffixes o of § such that
B = mto and 7t is a non-empty suffix of a. So there is one element of
B : a arising for each prefix of § that is also a suffix of x. Let’s see
an example. If & = abba and B = baba, then

B:oa={ba}, wa:p={bba}.
We can see that § : « is a finite language and € € §: a iff & = .

2.1.3 Lemma. Let X be a finite alphabet and suppose a is a non-empty
word over . Let L denote the set of words in ¥* that do not contain
«, and let M denote the set of words in ©* of the form yw that contain
exactly one copy of «. Then, La = Ma : a.

Proof. Exercise (but exactly the same as for aba). O
2.1.4 Theorem. Let S = {aq, a0y, ..., 0} be a set of words such that no
word is a substring of another. Let L denote the set of words that contain

no word from S. Let M; denote the set of words in ©* of the form yu; that
contain exactly one copy of a;, and also no copy of w;j if j # i. Then

e+LE=L+M + -+ M

and
Loa; = Myw; : g + Mot o + - - - + My =

fori=1,...,k O
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We will illustrate this with an example. Let X = {a,b} and
B =aaa, = bba.

Let B be the set of words in ©* that contain exactly one copy of ,
as a suffix, and also no copy of ¢ and let C the set of words in >*
that contain exactly one copy of -, as a suffix, and also no copy of S.
We compute

aaa : aaa = {€,a,aa}, bba:aaa =0
and
aaa : bba = {aa}, bba:bba = {e}.
Let L be the set of words that contain no copies of B or . Then, we
have the following:
e+La+Lb=L+B+C
Laaa = B{e +a+aa} + Caa
Lbba =C

Let L(x), B(x) and C(x) be the generating function of L, B, C, respec-
tively.

1+ 2xL(x) = L(x) + B(x) + C(x)
x3L(x) =B(x)(1+x+ xz) + xZC(x)
x3L(x) = C(x).
We can solve this to obtain the following:
W35
B(x) - 1 +x+x2L(x)

and also the rational function for L. Now B(1/2) is the probability
that B occurs before v and C(1/2) is the probability that v occurs
before B. And indeed, L(1/2) = 28/5 and so B(1/2) = 3/10.

Question: if you get to choose first which 3 letter word, which do
you choose?

2.2 Partitions of an integer

A partition of an integer n with k parts is an expression
n=ay+ay+---+ax

where a4, ..., a; are positive integers and a; > a;,1 fori < k. If
7 denotes a partition, then |7 is the sum of its parts. We want to
know the number of partitions of n with any number of parts; this

is denoted by p(n).
Ex.
1=1;
2=2=1+41;

4=4=34+1=24+2=2+14+1=14+1+1+1

27
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so we wee that p(1) =1, p(2) =2, p(3) =3 and p(4) = 5.
Let X = {ay,ay,...} where w(a;) = ifori =1,2,....If L is the
language given by

L ={a1}{az} {as}"- -
then there is a bijection from the elements of L of weight n to the
partitions of n. Thus the generating function is

11 1 -t
1—x1—x21—2x3 71211—x”

(Trust me for now that this is a formal power series).

We want to show that number of partitions of n with only odd
parts and the number of partitions of n where all parts are distinct,
are equinumerous.

The generating function of the number of partitions of n with
only odd parts is the generating function for

{a1}{as} {as}" - -

and so it is 1

[li—m
e 1 — x4
The generating function for partitions of n where all parts are

distinct is the generating series of
D= (e+a)(e+az)(e+as)---

and so the generating function is

[T +x").

n>1

2.2.1 Lemma. The number of partitions of n with only odd parts is equal
to the number of partitions of n where all parts are distinct.

Proof. We have the generating function for partitions of n with only
odd parts is equal to

1 o anl(l — xZn)
H 1 — x2n-1

n>1 B HnZl(l - xn)
since [T,>1(1 — x*" ) [T,>1(1 — x*") = [T,>1(1 — x"). Thus
1—x? (14 x")(1—x™)
[ =117 =110+
n>1 n>1 n>1

Since the generating functions are equal, the two classes are equinu-
merous. O

2.3 Exp, log and diff

We define the exponential series exp(x) by

n

x
exp(x) =y —.
o 1!



WORDS AND LANGUAGES

It is easy to verify that
expx +y =expxexpy.
Similarly, we define the logarthmic series as follows:

n-1 X"
n

log(1+x) := ) (-1)
n>1
Note that if F(x) is a formal power series, the expressions exp(F(x))
and log(1+ F(x)) are well defined iff F(0) = 0.
We say that G is a compositional inverse of F if (F o G)(x) = x.
Recall that we defined the derivative (of a formal power series) and
that the chain rule holds:

%(F 0 G)(x) = G'(x)(F o G)(x).

Now you can confirm that

% exp(x) = exp(x)

and

d

= log(1+x) = T %
We will now prove exp(log(1+ x)) =1+ x. Let F(x) = exp(log(1 +
x)). Then

Flx) = 1_1HCF(x).

If the coefficient of x" in F(x) is fy, then

fn

[x"]F(x)

[x"}(1+x)F'(x)

[<"]F'(x) + [x" 1] (x)

(n+1)fus1 + nfn.

Thus (n+1)f,+1 = (1 —n)f, for allm > 0. Since fp = 1, we can
deduce that f; = 1 and f, = 0. This shows that f, = 0 forn > 2.

Thus F(x) =1+ x.
Now we can “fix” our lack of rigour in the previous calss as

follows. If A;(x) is a formal power series with a constant term 1, for
i > 0, we can define

HAl-(x) = exp (Zlog(Ai(x))> .
i>0 i>0
So the generating function of integer partitions is

1

[li—=

n>1

is now well-defined.
Also we can write

(1+x)* =exp(alog(1l+x))

for any real number 4. And you can prove the Binomial Theorem.

29
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2.4 Fibonacci numbers

The Fibonacci numbers f,, are defined by initial conditions fy =
f1 = 1 and the linear recurrence

fn+1 :fn +fn—1

for n > 1. Let F, be the element of R? defined by
Fn — f n+1
fn
and we define the series F(t) by

F(t)=)_ t"F.

n>0

We can view F(t) as a vector with formal power series as entries, or
as a formal power series over IR?.
We note that

|- fns2 _ for1+ fu _ 1 1) { fur1 _ 1 1 E
" fn1 fr1 10 fn 1 0/ ™

whence

and

If we set A = 1 then
10

Ztnc é)":ZtnAn

n>0 n>0
= (I-tA)"!

-1
(1-t —t
I |
_ 1 1 ¢t
S 1—t—2\t 1—-t)
det =t —t =1—t—t.
—t 1

1 1 ¢ 1 1 1+t
FO=1—1—¢ (t 1—t> <1>:1tt2< 1 )

and we can conclude that

since

1
=
L fn 1—t—t2

n>0



3
More counting

3.1 Principle of Inclusion and Exclusion

Let S be the set and A, B be subsets of S. How many elements are
there in S\ {A U B}? If A, B are disjoint, it is
S| — Al —[B]

but this is wrong when A, B are not disjoint, because the elements
in A N B have been substracted twice. Instead, it is
IS\N{AUB}| = [S| = |A| = [B] +|ANB|.
Similarly, if A, B, C are subsets of S, we can find that
[S\{AUBUCH = [S| = |A] = [B] - [C]

+|ANB|+|ANC|+|CNB|
—|ANnBNC|.

We can do this more generally for any number of subsets.

Let S be a set of size N. Let E, ..., E, be subsets of S, not nec-
essarily distinct. For any subset M of {1,...,r}, let N(M) be the
following:

N(M) := [NiemEil
and, for 0 < j <, define
Nj:= ) N(M).
IM|=j
Let No =N = |§|.

3.1.1 Theorem (Inclusion/Exclusion). The number of elements of S not
in any of the subsets Eq, ..., E; is

N—N1+N2—N3+"'+(—1)rNr

I
7
L
z

Proof. If x € S and x is is none of the E;, then x contributes 1 to the
sum.
If s € S is in k of the E;, then x contributes

() () -oor s

by the Binomial Theorem.
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Recall the following problem from your assignment. Let n be a
positive integer. Suppose that the prime decomposition of 7 is

a1,

n=pypt-py

where {p;}/_; are distinct primes and {a;}}_, are positive integers.
The Euler function is the number of integers k with 1 < k < n such
that ged(n, k) = 1. You showed that:

(a)

(b)

This brings us to a very classical object in the field of combina-
torics is the Mobius function, defined as below,
0, if d is not square-free;
uld) =141, if d has an even number of prime divisors; and

—1, if d has an odd number of prime divisors.

1, ifn=1;

0, else.

3.1.2 Theorem. Y, (d) = {

Proof. For n = 1, this is clearly true. Now suppose n = pi' - - p}",

then .
Cud) =1 (7)1 = a1y o

dn i=0

Now we can combine all of this to obtain:

u(d) _ g(n)
YT

3.1.3 Theorem (Mobius Inversion). Let f(n) and g(n) be function
defined for every positive integer n satisfying
f(n) = }_g(d).
dn

Then g satisfies
g(n) =Y _pu(d)f(n/d).

dln
Proof. We see that

X‘;V(d)f(n/d) = Z‘;V(n/d)f(d)
d|n d|n
= ‘Zﬂ(n/d) Y g(d)
d|n

d'\d
=Y ¢@d) Y, wu(m)
d'|n m|(n/d")

The inner sum of the final right hand side is 1 or 0; in particular it
is 0 unless d’ = n. O
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Why is it called the M6bius inversion? Make a matrix M with
rows and columns indexed by positive integers dividing # where

1, if dq|dy;

0, else.

M(dy,dy) = {

What is on the diagonal of M? All ones. Below the diagonal? All os.
Thus M is some upper triangular matrix with ones on the diagonal,
and is thus invertible. There exists some M~ matrix,

M Ydy, do) = pu(5°)

where dq|dp, and 0 otherwise. If we consider f, ¢ to be vectors, the
theorem would that if g = Mf, then f = M~ lg.

Problem: what is the number N, of circular sequences of Os and
1s, when two sequences obtained by a rotation are considered the
same?

Solution. Let M(d) be the number of circular sequence of length d
which are not periodic. Then

N, =) _M(d).
dn
We observe that
Y dM(d) =2"
d|n
because this is the number of all possible circular sequences. By
Mobius Inversion, we obtain

N, =Y M(d) = E%Zy(d/g)zf = %Dp(n/@zf

dln din = L|d Ln

after some simplification.

This still looks mysterious, but at least the right hand side con-
sists of all positive terms and we can bound it by some method (but
we will not).

3.2 Plane trees

A plane tree is a tree drawn in the plane, where there are “levels”
and each vertex has a certain number of children in the next level.
We have drawn all the plane tree with at most 3 edges in Figure 3.1.

A plane tree is planted if its root vertex has only 1 child. Let T(x)
denote the generating function for the plane trees, weighted by the
number of edges. Using the diagram, we see

T(x) =14 x+2x* +5x% +- -

A plane tree with at least one edge decomposes uniquely into a left
planted plane tree and another plane tree, as shown figure.

Note that a planted plane tree is obtained by taking a plane tree
and adding one vertex adjacent to its root vertex, in the level under
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Figure 3.1: All plane trees with at most

I .\/ 3 edges.

Figure 3.2: Decomposition of a plane
tree into a planted plane tree and a
plane tree.

o0 oo o6 0 0 °

Y \I/
%+

> NI
S N

it. The class of planted plane trees with n edges is equinumerous
with class of plane trees with n — 1 edges. Thus

T(x) =1+ (xT(x))T(x) =1+ xT(x)?

and so T(x) satisfies the same equation as C(x). We have shown
that the number of plane trees with n edges is the Catalan number
Cne

3.3 Multivariate Series

So far, we have counted objects weighted by some integer i. Some-
times it’s not enough information. In particular, if we consider
partitions of integer n, we might also consider the number of parts,
or the largest, as well as n.

For example, the coefficient *x" in

[T- tx')~l = 11 (Z(txi)])
i>1 i>1 \j>0
is equal to the number of partition of n with exactly k parts. This is
a generating function in 2 variables.
A series

2 Ci,]'xitj = Z <Z ci,]-xi> tj

i,j>0 j=>0 \i>0



is a formal power series in variable t with coefficients from the ring
of formal series in variable x.

Recall the g-binomial coefficients from your assignment. Let q be
a variable. If n is a non-negative integer, define [n] by

and define [n]! by [0]! =1 and

[n+ 1]t = [n+1][n]'.

(Note that [{] = [,",].) We call [n]! the g-factorial function and [}] the
g-binomial coefficient.) You showed

Finally define

(a) Prove thatif n,k > 1, then
n|  gln-1 n n—1
KTk k—1]
(b) Prove thatif n,k > 1, then
n]  [n—-1 nk|n—1
f =T fn)
Then, you deduced from parts (a) and (b) that [}] is a polynomial in
variable g with non-negative integer coefficients. The series [}] is the

generating function (in variable q) for the number of partitions of n
with at most k parts, where each part has size at most n — k.

3.3.1 Lemma. We have

1—atx™ nol—axk\
Hl_txr—ng(n 1—xk>t

r>0 k=1

Proof. Let F(t) be the left side of the equation and suppose

F(t) =) cat"

n>0
Then ¢g = 1 and
1—t
F(xt) = F(t).
(xt) = T—F(1)

Hence
(1—at)F(xt) = (1 —t)F(t)

and we can find the coefficient of " on both sides to obtain

1

"ep —ax" e, = ¢y — Cp_q.

X

Thus we can obtain

"1 — axk

Y
=1 1—x

Cp =

as required. O

MORE COUNTING 35



36 COMBINATORIAL ENUMERATION

If we substitute a = 0 and xt for £, we obtain:
n

Y (- tx) = Yot - D I

r>1 n>0 k=1
Thus ;
x" H(l — xk)fl
k=1

is the generating series for the partitions of integers with exactly k
parts, weighted by the sum of their parts.

3.4 Ferrer’s diagrams

Take a partition of an integer. Draw a picture; each row corresponds
to a part of the partition, where the number of dots is the size of the
part, and the largest parts come first.

° oo 0 00 e 0o 00

° o 0o 0 e 0o 0 o0

° o0

° 4+4=28

° 5+3+2=10 PP

° e 0o 0 o0

° o 0o 0 L )

° L ) L )

° e 3+3+2+1+1=10

° ° 24+24+2+2=28

1+1+14+1+14+1+1+14+1+1=10

The number of Ferrer’s diagrams with n dots is equal to the
number of partitions of n.

If we transpose a Ferrer’s diagram, we get another Ferrer’s
diagram, called the conjugate. We also say that the corresponding
partitions are conjugate.

3.4.1 Lemma. The number of partitions of n with largest part k is equal to
the number of partitions of n with exactly k parts.

Proof. Take the conjugate. O

The generating series for partitions with largest part equal to k,
weighted by the sum of the parts is

x* klZ[l 1
1—xk i1 —o

and the generating series for partitions with exactly k parts is

k

xk H(l —x")!

r=1

which are indeed equal.

Figure 3.3: Examples of Ferrer’s
diagrams and their partitions.



4
g-analogues

Let g be a variable. If n is a non-negative integer, define [1], by

and define [n],! by [0];! = 1 and
[n+1]4! = [n 4 1]4[n],.
Finally define
[n} o [n]!
klg ™ [klg!n — K]t
(Note that [Z}q = [nfk]q.) We call [n]! the g-factorial function and [}]
the g-binomial coefficient.) If g is clear from the context, we will write

[n], [n]! and [}] as needed.
For example, the g-bracket [n] is

Then we can continue:

2]
=1+gq
[1 ]

and in general

—_

[n] =1+g+---+q""
q

= =1+qa+207 + 4+ "

4.1 g-commuting variables

A (formal) Laurent series is a series

Alx) =Y apx"

nez
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where only finitely many of the coefficients with negative indices
is non-zero. The order of A(x) is a the greatest integer k such that
x~%A(x) is a power series. (Then power series are Laurent series of
non-negative order).

Let FF denote the field R(g) of real Laurent series in variable 4.
We will work with Laurent series in variable t with coefficients in
IF; we will view this set of series as a vector space of FF. (It is also a
field, but this will not matter to us.)

4.1.1 Theorem. If A, B are operator such that BA = qAB and q com-
mutes with A and B, then

n
(A+B)" Z [ ]AkB”k.

We say that A, B are g-commuting variables. We might ask if such
operator actually exist. If

t) =) cat"
n
then Q be the linear operator that sends C(t) to C(qt);
C(r)) = Zq”cnt".
n

Let M; be the operation of multiplication by t. Thus M;(C(t)) =
tC(t). We see that

QM;(F(t)) = Q(tF(t)) = qtF(qt)

and
MiQ(E(H)) = tE(qt).
Thus it follows that Q and M; are g-commuting; QM; = gM;Q.
Now let’s apply our theorem; A = M;Q and B = Q. Then

ARBIR(1) = AK(1) = q@ ¢

and
(A+B)"(1) = (A+B)" 1(t+1) = (1+t)(1+qt)--- (1+4"""t).
This gives us something that we will can the g-binomial identity.
4.1.2 Corollary. We have
_ ")
]‘[ 1+4't) =Y Hq@t :
i=0 k=0

This suggests that [T/ (1 + g't) is the g-analogue of the power
series (14 t)". We will use the notation

|
—

n

n(t;n) = [T +q't)

¥
o

or 7y(t;n) when g is unclear from context. Note, this is not stan-
dard notation.



4.2 g-Differentiation

If f(t) is a polynomial in ¢ (over F), then we define the operator Dy
by
_ flat) = f(¥)
Dy(r(e)) = T,
We call D, the g-derivative. If F(t) is a Laurent series, we define
D, (F(t)) to be the series we get by taking the g-derivative term-by-
term.

We note that if n > 1, then

Dq(tn) — (qt)n — " _

qnfl_ n—1
gt—t =l

qg—1
and D, (1) = 0. For fun, let us compute
nt(gqt;n) — (t;n)
qt —t
(g, n—1)(g"t—1t)
qt—t
[n]rt(qt;n —1).

L
t

Dy (7 (t;n)) =

We can also compute
Dy(r(=t;n)~ 1) = n]n(—tn+ 1)1
as expected.

4.2.1 Lemma. We have that

IZI lt_z[n—l-] ]

:0 j>0 ]

Proof. Exercise; use D; and what we derived in that last class to find
a recurrence for the coefficient of t” on the LHS and deduce that it
is a g-binomial coefficient, as advertised. O

Now let us re-index, letting £ = n — 1, to get

ﬁl git _Z[éth]

i=0 j=0

What is the LHS counting? It is the generating function for the
number of partitions of largest part at most ¢, weighted by the sum
of the parts and the size of the largest part.

4.3 g-Exponentials

We define the g-exponential series equ(t) is given by

equ(t) =) e

n>0 W

We see immediately that

Dy (exp, (1) = exp, (1)

Q-ANALOGUES 39
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in analogy with the usual exponentiation.

There are many reasons why we might study g-exponentiation,
but for the purposes of our course, we will mainly use it for gener-
ating series of partitiions.

4.3.1 Lemma. If m is fixed, then

[
lim =
N—oo | M q .

1

1 1
:11_‘71”

Proof. Recall that [51\1]] . is the generating series for partitions with
largest part at most m and at most N — m parts, weighted by the size
(sum of the parts). Accordingly,

lim { }
N—eo | M
q
is just the generating series for partitions with largest part at most
m, weighted by size, and is therefore equal to the RHS. O

4.3.2 Theorem. We have that

t 1
on (1) = Mg
Proof. Recall that
n—1 ;
M- =Y {"ﬂl]tf.
io =4t % J
We take the limit as 7 — oo on both sides. On the LHS, we get
H 1
a0 1 —q"t’
while the RHS becomes,
m+j—1) 1 A
L1 = L1

a+b a,b

One of the most important properties of e* is that ¢*™” = e¢”.

We (nearly) have g-analogue of this.

4.3.3 Lemma. If BA = gAB, then exp(A + B) = exp(A) exp(B), for
operators A and B.

We will not prove it, but we might use it.

4.4 Reciprocal

Since
], 1! =g~ @[n],!

it follows that .,
q(z) ,

exp, () = Y AL

n>0 [”]q-

This allows us to find the main result here; that something like a
reciprocal exsists.



4.4.1 Theorem. We have equ(t) exp, -1 (-t) =1

Proof. Let A = M; and let B = —M;Q. Then BA = gAB and so
exp, (A + B) = exp,(A) exp,(B). Now what is (A+ B)"(1)? If n =0,
we get 1. If n > 0, we get 0. Now we see that equ(A)(l) equ(B)(l) =
1.

Since B"(1) = (—t)"q(2), we have

exp,(B)(1) = ¥

n=0 1!

and the result follows. O

4.5 Durfee square

The Durfee square of a partition 7t is the largest square in its Ferrer’s
diagram that contains the top left-hand corner. The Durfee square
has side d if d is largest integer such that 7 has at least d parts of
size at least d. See Figure 4.1.

oo o Eoooo @ @oo oo o0

Each partition 7t with a Durfee square of side d decomposes as:
(a) the Durfee square;
(b) a partition 71y with at most d parts; and
(c) a partition 7t with largest part at most d.
Further, if we |7t| for sum of the parts of 7, then
|7t = @ + |71 | + | 2.

Thus the generating series for partitions with Durfee squares of side
d (weighted by the sum of the parts) is

i 1 \?
d2

q 7
(11+45)

zﬁﬁhif:nl

i _ g
d>0 i=1 q i>11—1q

which gives us

We used g as a variable but we haven’t used the g-bracket, so we
must be able to do better than this.

Consider a partition 7r with at most n parts, each of size at most
n and with Durfee square of side d. Then, in the decomposition
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Figure 4.1: Durfee squares of Ferrer’s
diagrams.
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of 7r, we have that 7t has at most d parts, each of size at most
n —d, and, 7rp has at most n — d parts, each of size at most d. The
generating function for partition with at most d parts, each of size

i

Thus we have that the generating series for such partitions 7t is
a2 |n n
I M L - d] '

Ll -0

since both sides are equal to the generating function for partitions

at mostn —d is

Thus we have

whose Ferrer’s diagram fits into an n x n box. (This also follows
from the g-Vandermonde identity.)

4.6 Diagonals

We need another decomposition, with which to count partitions.

See Figure 4.2.
e o o
[ ] e o
L [
[ ] [ ]
[ ]
e 6 0 o e &6 0 o o [ e o o e o o
e o o e o
[ ] °
e o o
e o o o [ ]
e o e 6 6 0 0 O e o o
e o
L]

If the Durfee square of 7t has side d, we can view 7 as the union
of two partition, each having exactly d distinct parts, which overlap
in the d diagonal elements of the Durfee square.

Let’s consider the following

Alt) =TT +4q').

i>1

What is it? This is the generating function where the coefficient t* is
the generating function of partitions with exactly k parts such that
all the parts are distinct. The generating function for partitions 7
with distinct parts, weighted by |7t| — k (where k is the number of
parts) is the coefficient of t* in

[Ta+q") =A@ ).

i>1

Figure 4.2: Durfee squares of Ferrer’s
diagrams, divided by diagonals.



From the above decomposition, we conclude that the generating
series for all partitions, weighted by the sum of the parts, is the

constant term in
A(H)A(g ).

In other terms,

1 ; 1
i>1 i>1
It’s not clear (yet) how this could be useful, but what suggests is
that the coefficients of t* could be interesting, even when k # 0.

4.7 Jacobi’s Triple Product

The following is a “famous” identity with many applications, one
of which is a recurrence for the number of partitions of an integer.

4.7.1 Theorem (Jacobi’s Triple Product).

Y gl =TT —g") (1 +tg) (1 + "),

n=—0o0 n>1

4.7.2 Theorem (Jacobi’s Triple Product).

Z q(n;rl)tn _ H(l . qn)(l + fqn)(l + t_lqn_l).

n=-—o0 n>1

Substitute ¢° for g and —g~! for t. On the right hand side, we get

[T -0 -0 -2 =10 -q").

n>1 n>1
This is some series that Euler studied. He multiplied out the first
couple of products of this and he observed the coefficients are
always 0,1, —1 and he formulated a guess for when each values
occurs. We can already prove Euler’s guess, using the Jacobi’s
Triple Product Theorem. Hopefully this motivates why we want to
prove such a statement.
Proof. [Jacobi’s Triple Product]

Let F(t) be defined by

Fit)y=]JQ+tg"A+t1g").
n>1

Then,
F(gt) = [T+t ) (1 4+ +1g"2)

n>1
1+tlg!
1+

=g U LE().

[Ta+tg")(1+t1g" )

n>1

Let f, be the coefficients of t" in F(t); that is

EO= Y ful)t"

n=-—oo

Q-ANALOGUES 43
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Then

Y fu@)" = Fqt) =g T FO =g Y fulg)”

n=—co n=—oco
whence

fu(q) = q" fur(q)-
We can easily solve this recurrence and obtain

fu(@) = "2 fo(q).

Since fo(g) is the constant term in F(t), which we found in the last
class, we obtain that

F(t) = (Ha—q")l) Y, (30

n>0 n=—co

and rearranging this gives the desired result. O

4.8 A second proof (with q's)
We will rederive the triple product identity. Let
A= MtQ/ B = Q

where M; : C(t) — tC(t) and Q : C(t) — C(qt). Again BA = gAB
and so

(A+ B)mtn = mf M glgmen—k,
k=0 k

Thus

ATM(A+B)"H = r:i: [m : ”] ARk — me [Z i ﬂ AR
Now applying this to 1, we get

(A+B)(1)=t+1, (A+B)*(1)=(A+B)(t+1)=(t+1)(qt+1)
eventually, we find

ATM(A+B)"(1) = A+g"t (A +g" 1Y) A+t HA+1) (A +gt) - (1+4")

and on the other side we get

f {m+”}AfB"—f(1): i [m+”]q<§)tf.

= m+ ¥ o= m—+{

Now we take m = n. Then

and
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We have that
{ 2n ] 2al2n—1] - [n+0+1]  (g?"—1)---(g"++1 —1)

[n— 2]t (@t =1)--(g-1)

[This was not the right way, sorry, don’t do this.] The actual way
to see this is, is to observe that the RHS is the generating for all
partitions weighted by the sum of the parts and,

Wi

is the generating series for all partitions whose Ferrer’s diagrams fit

n-+¢ -

inan+ ¢ x n — £ box. When we take the limit, we get all partitions.
Now, we get

L 2n ¢ 1 ad ¢
li )t — , )¢t
ng%o[_z"n{n—i—ﬁ]qz gl—qlegooqz

while on the LHS, we

[Ta+t"@a+ttg)

n>1

and the result follows.

4.9 Euler’s Pentagonal Number Theorem

The numbers m(3m — 1) /2 are known as the pentagonal numbers. See
Figure 4.3.

Figure 4.3: Euler pentagonal numbers.

If S is a set of partitions, let p(S, n) denote the number of parti-
tions of n in S. Let D denote the set of all partitions with distinct
parts. Let £ denote the set of the partitions with an even number
of parts and let O denote the number of partitions with an odd
number of parts.

4.9.1 Theorem.
m m(3m=1
(=)™, n= m(Sm1) > );

p(DNE,n)—p(DNO,n) =
0, otherwise.

Proof. We want to “pair” the partitions of n with distinct parts. See
Figure 4.4. Let ay, ..., a; be a partition of n where a; > a;,1 for

i =1,...,k—1. Let j be the smallest integer such a;,1 < a; —1;
ifa; > ap + 1, then wesay thatj = 1, and ifa;,1 = a; — 1 for
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e 0 00 o0 e 00 0 o Figure 4.4: We move the smallest part
to the right-most diagonal, or move

® o 0 o0 L the right-most diagonal to form a new

o o o0 o 0o 0 (smallest) part.

i =1,...,k—1, then we say that j = k. (Intuitively, we want to
either put the smallest part on the right-most diagonal, or we want
to remove the right-most diagonal and put as the last part.)

If j < ag, then we pair ay, ..., a; witha; —1,. o= 1,a]-,...,ak,j.
If j > ai, we can remove the last part g, and add to the rightmost
diagonal. Exercise: verify that this gives a bijection (amongst the
partitions for which it is defined) which changes the parity of the
number of parts.

When does this fail? This is not defined when j = a;y = k or
j=k=ua,—1. If j = a =k, what is n? We get

o . 32 —j
n:]+(]+1)+-~~+(2]—1):%.

Ifj=k=a;—1, we get

32+

=)+ 2) = L

In each case, we need only verify (left as exercise) that there is a
single partition with j parts for which our bijection is not defined,
and find the parity of its number of parts. O



5
Solving recurrences

Recall Problem 4 from Assignment 2. Let S = {1,2} and C,(S) is
the set of sequences with elements in S, where the sum of the terms
isn. Let ¢, = |Cy(S)| and we see thatcg = 1,¢; =1, ¢, =2 and in
general

Cn+l = Cn + Cp—1.

How would we find the general term for c,? Or the generating
function?
Let G(x) be the generating function; that is

G(x) =Y cux"
n=0

We have
Cn = Cp—1 + Cp—2.

for n > 2. We multiply by x” on both sides to get
cpx™ = cp1x™ +cpy_ox”

and then we take the sum for n = 2,3, ... to get

Y oenx" =Y cpax"+ ) cupx
n=2 n=2 n=2
We can rewrite this in terms of the generating function as follows:
G(x) —c1x — cg = x(G(x) — o) + x°G(x).
We can recall that ¢y = ¢; = 1 and then
G(x) —x—1=xG(x) —x + x>G(x)
Gx)(1—x—x*) =1

1

Clx) = 1—x—x2

and we have obtained G(x) as a rational function.

5.1 Homogeneous recurrence equations

In general, suppose that we have the recurrence for the sequence
co,C1,---
chn+qicy—1+ -+ qicxr =0, n>k (5.1.1)
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where g1, ..., g are constants where g, # 0. To uniquely determine
the sequence ¢y, cy, ..., we need to specify cp,c1,...,cx_1 as the
initial conditions. We want to express ¢, as a function of n. This is a
homogeneous equation since the RHS is 0.

First, we define the polynomial

E(x) =& + g 1+ g4
to be the characteristic polynomial of the recurrence.

5.1.1 Theorem. Suppose {c,,} satisfies (5.1.1). If the roots of the charac-
teristic polynomial are B; with multiplicity m; fori =1,...,], then

cn = (bry +bian + -+ 4 by n™ B - -
+ (bjl + bjzi’l +---+ b]'mjl’lmfil)ﬁ?

where the b;; are constants that depend on the initial conditions.

Proof. Multiply (5.1.1) by x" and sum over all n > k to get

[e9) [e9) [e9)
Y oenx"+ ) qrepax" + 4 Y grcygx" = 0.
n=k n=k n=k

Let C(x) = Yy cnx™ and Cy(x) = Yy cux™ . So,

(e )

[e9) ()
Yoonix = Y ax't=x Y o' = x'(Cx) — Criq (%))
n—k b=k b=k
with C_;(x) = 0 by convention. Now we can substitute all of these
into our summation and obtain an expression with C(x) and Cy,(x)
from which we get our rational function.

Now we get

_ P(y)
€0 =50
where
Q(x) =1+qix+ -+ gxt
and

P(x) = Cy_1(x) + q1xCx_(x) + - - - + g1 1Co ().

What is the degree of P(x)? It is at most k — 1. We can continue and
see
Qx) = (x g ) = FET).

But we are given that
E(x) = (x = p1)™ (x = B2)" - (x = )",

Since P(x) has degree at most k — 1, we can break down C(x) using
a partial fraction expansion as follows:

A1 Ajq jm;
Clx) = . _m :
M =1 Pix A—pm - Bjx (1—Bjx)"

where Ai’[ are constants.
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But ¢, = [x"]C(x) and so we have

n+1 n+m —1
O Ry ) L

n+1 n+m]-71
S G R Gy

by using the Binomial Theorem for negative integer powers. (For
example, look at W = (x — 1)~ ™ and we get the coefficient
of x" from the Binomial Theorem.)

Note that we can determine the A; /s by using the equations that
we get for cg,...,Cr_1- |

In practice, the theorem just says that this is possible and the
most important content is in the proof.
Example: Find ¢, explicitly, where

¢y —4cy1+5¢,0—2c,3=0, n>3

with initial conditions cg = 1,cy =1 and c; =2

Solution. The characteristic polynomial® is as follows: * Note that this is the characteristic
polynomial of the matrix

X3 —4x? +5x —2=(x—1)%(x —2),

4 -5 2
which has roots 1,2 with multiplicities 2, 1, respectively. Thus we A= (é (1) 8)
see that c A B C and that
(x)_l—x+(1—x)2+1—2x N Cn
for some A, B,C. Thus EZ:ﬁ - EZ:; .

cn = [x"]C(x) = A+ Bn+ C(2)"
for all n. Then, in particular, we obtain from the initial conditions
1=A+0+4+C

1=A+B+2C

2=A+2B+4C
which you can solve to get A = 0, B = —1 and C = 1. Thus we
obtain that ¢, = 2" —n.

From the theorem, we can see that these sequence will tend
to grow exponentially. It is somewhat intuitive that exponential
sequences will satisfy such recurrence.

For example, if ¢, = (3" — 2")? then

cp,=9"—2.6"+4"

We can now read off the recurrence relation from the proof of the
theorem: the characteristic polynomial could be

(x —9)(x —6)(x —4) = x> — 19x% 4 114x — 216

thus
¢y —19¢,, 1 +114c,_p — 216¢,,_3 =0, n > 3.

Now, one can verify that this is the correct recurrence relation, by
substituting the explicit expressions for c¢;, c,,—1 and so on.
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5.2 Nonhomogeneous recurrence equations

Suppose by, by, . .. satisfies the recurrence
bp+q1by 1+ +qiby = f(n), n>k (5.2.1)

where g1, ...,y are constants and f(n) is a function in n. For the
sequence to be uniquely define, we also need initial conditions for

b(),. '-rbkfl-

5.2.1 Theorem. Suppose ag, a, . . . is any solution to (5.2.1). Then the
general solution is
bn = an + Cﬂ

where c,, is given by the previous theorem and the initial conditions for c;
are determined by those for b;.

Proof. We are given that

an + q1an-1+ - + Gy = f(n)
for all n > k. Subtracting this equation from (5.2.1), we get
(bn —an) + q1(byp-1 — an—1) + - - + ge(by—k — ay—x) =0
Now b, — a, satisfies the homogeneous version of the recurrence. O
Problem: Solve
by —4b, 1 +5b,_p —2b, 3 =24(-1)", n>3

with bgp = -1, b = =3 and by = 2.

Solution. We have to guess. Let’s guess that a, = a(—1)" for some
constant . Now we substitute our guess into the recurrence and
get

w(—1)" —4a(—1)""t 4 5a(—1)""2 —20(—-1)"% = a(~1)"(1 +4+5+2) = 12a(—1)".

If we take & = 2, this is some sequence that satisfies the recurrence
relation. Now our theorem tells us that the general solution for by, is

by =2(-1)"+A+Bn+C2", n>0.

We now solve for A, B, C using the initial conditions; [INSERT ON
YOUR OWN] and also solve. In the end, you should get

by =2(—1)" — 24 3n —2".

In general, this could be difficult. The key is try a, to be multi-
ples of the RHS. For example if the RHS is 2nn — 1, guess a, = an + §3,
substitute into the recurrence and solve for «, .

5.3 Asymptotics

We say that that ¢, is asymptotic to g(n) as n — oo, and we write
cp ~ g(n) if

lim Cn =1.

wr gn)
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For example, if we have a recurrence relation where the roots
of the characteristic polynomial are S, ..., B, where B is the
unique largest in absolute value, we can say something about the
asymptotics.

In the general expression for c;, the coefficient of B} is some
polynomial in n. Let by be the coefficient in from of the largest
power of n. Then, one can show

li Cn 1
im — =1,
n—s00 blnmlﬁgl

since /% is less than 1 in absolute value. We write ¢, ~ byn™1 B} and

this answers the question “roughly how big does ¢, get for large
n?”. For example, b, ~ —2" for b, in the last example.

5.4 More Recurrences

Let F(t) = [Ti0(1 — tq') ! = Lisg cit'. Recall that F(t), consider in
variables t, g is the generating function for all partitions weighted
by the number of parts and the sum of the parts.

We have previously shown that F(qt) = (1 —t)F(t). But now

F(gqt) = Zciqiti =(1-1) (Z cl-ti)

i>0 i>0

and we extract the coefficient of # from both sides to get
ng" = Cn — Cp1

and thus ¢, = (1 —¢")"'c,_1 for n > 1 and ¢y = 1. Thus

n

e

=1

What is this? This is the generating function for partition with
largest part at most #n, weighted by the sum of the parts. This
method for extracting the coefficient of one of the variables in called
Euler’s device.

Using this device, you can also show

n n+i

. ko1—
1—tg) ' =1+ Y AT ———.
[10 ) =1+ LA TT5
Here the LHS is the generating for partitions with largest part at
most 1, weighted by the sum of the parts and the number of parts.
The product in the sum on the RHS is the generating function for
partitions with at most k parts and largest part at most #.
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5.5 Rogers and Ramanujan

A partition is 2-distinct if any two parts differ by at least 2. First, we
find the generating series for 2-distinct partitions.

Suppose 11, ..., 1 is an increasing sequence where terms are
2-distinct and sums to n. Then the sequence

n—1,n,—3,---,n.—(2k—1)

is a non-decreasing sequence and sums to 1 — k?. This gives a bijec-
tion between 2-distinct partitions of n with k parts and partitions of
n — k? with at most k parts. (Something to check here)

The generating function for partitions with at most k parts is

1
1—¢

k
I1
i=1

and consequently the generating series of 2-distinct partitions with
exactly k parts is

k
K2 1
¢ 1=
e
Now we can conclude that the generating series of 2-distinct parti-
tion is X
r z -
S0 (1=q) (=g (14"
5.5.1 Theorem.
e o
S A-9)1-¢%)-(1-9) 7 (A—g"H0—g"1)
K2 +k 1

q J—
kg 1-q9)1—q? - (1—q") g (1-¢%=3)(1 - ¢%2)

Proof. Use Jacobi’s triple product (choose appropriate substitutions
for g, t). O

Note that the second series is the generating series for 2-distinct
partitions with smallest part at least 2.

What does this mean? The RHS is

1
1—¢

i=14 mod 5

is the generating function for partitions where every part has size
1,4 mod 5. Can you think of a bijection for this?
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