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Abstract

This project studies a regularity condition on graphs. A graph X is said
to be triply regular if for z,y,z € V(X)

H{v e V(X) : d(v,z) =1, d(v,y) = j and d(v, z) = k}|

is a constant depending only on i,j,k € Z and the pairwise distances of
{z,y,z}. We find a necessary condition for triply regular on strongly regular
graphs; if a strongly regular graph meets the Krein bound, then it is triply
regular.
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Chapter 1

Introduction

A graph on n vertices that is neither complete nor empty is strongly regular
if each vertex has degree k, each pair of adjacent vertices has a common
neighbours and each pair of non-adjacent vertices has ¢ common neighbours.
Let X be such a graph and consider a vertex x in X. Let

Xi(z) ={y e V(X) : y ~z}

and

Xo(x) ={y e V(X) : y =z}

Since = has degree k, there are k vertices in X;(z). Each vertex in X;(z) is
joined to a vertices in X;(z) and k —a — 1 in Xy(x). There are n — k — 1
vertices in Xs(x). Each vertex in Xs(z) is joined to ¢ vertices in X (z) and
so has k — ¢ neighbours in Xs(z). See Figure 1. From a degree-counting
argument, we obtain a fundamental equality satisfied by (n, k, a, ¢);

k(k—a—1)=cn—Fk—1).

We also obtain that the subgraphs of X induced by X;(x) and Xs(z) are
both regular with valencies a and k — ¢, respectively.
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1. INTRODUCTION

Figure 1.1: Neighbourhoods of a strongly regular graph with parameters
(n,k,a,c).

It is natural to ask is when the graphs induced by X;(z) and Xs(x) are
strongly regular.

We come across the problem of strongly regular subconstituents while
studying graphs with high regularity known as triply regular graphs, where
for z,y,z € V(X),

{v e V(X) : d(z,v) =4, d(y,v) = j, d(z,v) = k}|
is a constant which only depends on 4, j, k and ¢, m, v where
(=d(z,y), m=d(y,z), and v = d(z, ).

Triply regular graphs are discussed in [8, 11] in the context of spin models.
In this note, we study triply regular graphs from an algebraic graph theory
perspective. In Chapter 2, we introduce basic concepts. In Chapter 3, we
introduce two matrix algebras associated with a graph: the Bose-Mesner
algebra and the Terwilliger algebra. In Chapter 4, we investigate strongly
regular graphs that are triply regular. We show, following [9], that strongly
regular graphs are triply regular if and only if they have strongly regular
subconstituents. Then in Sections 4.3 and 4.4, we study strongly regular
graphs with strongly regular subconstituents following a paper of Cameron,
Goethals and Seidel [4]. We show that a strongly regular graph has strongly
regular subconstituents with respect to any vertex when the Krein bound is
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met. We will also look briefly at classes of strongly regular graphs where
there exist some vertex x with respect to which the subconstituents X (x)
and Xy(x) are strongly regular. Finally, we will pose some open questions
concerning triply regular graphs.






Chapter 2

Preliminaries

2.1 Notation

For a graph X, we denote by X;(x) the ith neighbourhood of z; that is
Xi(z) ={y € V(G) : d(z,y) = i}.

The subgraph induced by X; is called the ith subconstituent of X.

2.2 Distance regular graphs

A distance regular graph is a graph X with diameter d such that there exists
{b;}9=3 and {c;}%, such that for z,y € V(X) with d(x,y) =1,

bi = [X1(z) N Xita(y)]

and
¢ = [ Xu(z) N Xima(y)]-

The array {bo,...,bs_1;c1,...,cq} is said to be the intersection array of X.
One may observe that X must be regular with valency by and ¢; is always
equal to 1. If we consider z,y € V(X) at distance ¢ apart, then the number
of neighbours of z in X;(y) is a; = k — b; — ¢;.

For any graph G, a partition 7 of the vertices of G with cells V;,...,V,, is
said to be equitable if the number of neighbours of v € V; in V} is a constant
b;; which does not depend on the choice of v. For a distance regular graph
X, we can see that the distance partition {{z}, Xi(x),..., X4(x)} for any
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2. PRELIMINARIES

xz € V(X) is an equitable partition of X. The converse is also true and can
be found in [3].

2.2.1 Theorem. A graph X is distance regular if and only its distance
partition is equitable with the same intersection array, with respect to any
vertex x of X.

It is worth noting that the distance regular condition is equivalent to
requiring for any two vertices x and y of X at distance k, that the number
of vertices at distance 7 from x and distance j from y is a constant pfj which
does not depend on the choice of x and y.

2.3 Strongly regular graphs

A strongly regular graph is a graph X on n vertices that is neither complete
nor empty where each vertex has degree k, each pair of adjacent vertices has
a common neighbours and each pair of non-adjacent vertices has ¢ common
neighbours. A connected strongly regular graph is a distance regular graph
of diameter 2 and has intersection array {k,k —a — 1;1,c}. We refer to the
tuple (n, k,a,c) as the parameter of X.

The following theorem is a standard result relating the property of being
strongly regular to the eigenvalues of the graph. We follow the proof of [6] for
the first direction and give a slightly modified proof for the second direction.

2.3.1 Theorem. A connected regular graph X is strongly regular if and only
if it has exactly 3 distinct eigenvalues.

Proof. First we will show for that X, a connected strongly regular graph with
parameters (n, k, a, ¢), has exactly three eigenvalues. Let A be the adjacency
matrix of X. The uvth entry of A? is the number of walks of length 2 from
u to v. Since X is strongly regular, the uvth entry of A? depends only on
the adjacency of u and v; that is
kE ifu=w
(Ag)w =<qa ifu~wv

¢ ifum~o.
Then, the adjacency matrix of X satisfies the following equation.

A+ (c—a)A+(c—k)—cJ=0 (2.3.1)
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2.3. STRONGLY REGULAR GRAPHS

where [ is the the n X n identity matrix and J is the n x n all ones matrix.

Since X is regular, k is an eigenvalue of X with the all ones vector as
the corresponding eigenvector. Since A is a real symmetric matrix, we can
find an orthonormal eigenbasis of R™ with respect to A, say vi,...,v,, with
corresponding eigenvalues A, ..., \,. We may assume that \y = k£ and v,
is the all ones vector. Consider v;, where ¢ > 1. Applying v; to 2.3.1, we
obtain

(A2 +(c—a)A+ (c— k) —cJ)vi=0
A?vi+ (c—a)Av; + (c — k)Iv; — cJv; =0
AV A+ (c—a)A\v + (c—k)v=0.
Then, every A € {\;}, must satisfy
M4 (c—a)d+(c—k)=0. (2.3.2)

This is the minimal polynomial of A over the orthogonal complement of the
all ones vector in R™. If we let A = (a — ¢)?® + 4(k — ¢) be the discriminant,
the two roots of 2.3.2 are

(a—c)+VA
R E—

0:

and
(a—0)- VA
5 )
Further, we can find that the multiplicities of the eigenvalues in terms of
the parameters. Let my and m, be the multiplicities of # and 7 respectively.
We have that

1+mg+m;=n
and

4+ 0mg + m™m, = 0.

From these equations it is clear that 6, 7, my and m, depend only on the
parameters of X.

Conversely, suppose X is a connected regular graph with adjacency ma-
trix A with three eigenvalues k, 6 and 7, where k is the valency. Then, the
characteristic polynomial of A is

p(A) = (A — kI)(A — 0I)(A — 71).

7



2. PRELIMINARIES

Since X is connected and regular, the Perron-Frobenius theorem gives that
k has multiplicity 1. Let 1 be the all ones vector and consider all vectors
in the orthogonal complement W of 1 in R™. The minimal polynomial of A
over W is

q(A) = (A= 0I)(A—7I)

and vanishes on W. If we apply 1 to ¢(A) we get

q(A) = (A—-00)(A—-71I)1
=(A—-6I)(A1—T1I1)
=(A—-0I)(k1-71)
=(k—-1)(A-0I)1
=(k—71)(A1 —-011)
=(k—71)(k1—-01)
=(k—-71)(k—-0)1

We consider the matrix polynomial,
(k—71)(k—0)

r(A)=(A—-00)(A—1I)—

If y € W, then Jy = 0, so r(A) vanishes under multiplication by vectors in
W. By the above calculation we see that

(k—7)(k—0)

r(A)1 = (k—7)(k — )1 — .

nl = 0.

Then r(A) vanishes under right multiplication by all vectors in R" and is
hence the 0 matrix. We have found a polynomial in A, I and J with degree
2 in A and this suffices to show that X is strongly regular. |

A strongly regular graph X is said to be primitive if both X and its
complement are connected. Otherwise it is said to be imprimitive. We offer
this standard lemma from [6] , which will be useful, without proof.

2.3.2 Lemma. If X is a strongly regular graph with parameter (n,k,a,c)
then the following are equivalent

(a) X is not connected,

(b) ¢=0,



2.4. REGULARITY CONDITIONS

(¢c) a=k—1 and
(d) X is isomorphic to the disjoint union of more than one copy of K.

Lemma 2.3.2 gives us that the only imprimitive graphs are the disjoint
unions of complete graphs and the complements of such graphs.

2.4 Regularity conditions
A graph X is said to be triply regular if for x,y, z € V(X) the number
[ Xi(2) N X;(y) N Xe(2)]
fo(r an)y choice of 7,7 and ¢ depends only the distances d(x,y), d(y,z) and
d(z,x).

It is clear that if a graph is triply regular, then it must be distance regular
and so we may view triply regular as a generalization of distance regular.






Chapter 3

Matrix Algebras

Let X be a graph with diameter d and let A be its adjacency matrix. We
can consider the matrix subalgebra of M, ., (R) generated by I, J and the
powers of A. If X is strongly regular, we saw that A? is a linear combination
of A, I and J and so this matrix algebra has dimension 3. The following
theorem on distance regular graphs is standard in the literature. The proof
follows from the intersection array of X and will not be included here.

3.0.1 Theorem. [1] The graph X is a distance regular graph of diameter d
if and only if the matrix algebra generated by I, J and the powers of A has
dimension d + 1.

From Theorem 3.0.1, we see that a distance regular graph has at most
d + 1 distinct eigenvalues. Any graph with diameter d has at least d + 1
distinct eigenvalues, so a distance regular graph of diameter d must have
exactly d+ 1 eigenvalues. Observe that A’ is the number of walks of length
¢ from u to v in X. Let A; be the matrix indexed by the vertices of X such
that the wvth entry is 1 if d(u,v) = i and 0 otherwise. The Bose-Mesner
algebra of X is the algebra generated by Ay, A;,...As. Since A can be
expressed as a linear combination of A; for j < i, we can rewrite Theorem
3.0.1 as follows:

3.0.2 Theorem. The graph X is a distance regular graph of diameter d if
and only if the Bose-Mesner algebra of X has dimension d + 1.

In the next section, we will look at basic properties of the Bose-Mesner
algebra of a distance regular graph.
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3. MATRIX ALGEBRAS

3.1 Bose-Mesner algebra

For this section, we will let X be a distance regular graph with diameter d.
Let A be the adjacency matrix of X and let

A:{Ao,Al,...7Ad}

be the distance matrices of X. Observe that A; = A and A; is symmetric
for all <. The uv entry of A;A; is the number of vertices at distance ¢ from
u and j from v, which does not depend on the choice of u and v, since X is
distance regular. Then A;A; is symmetric and

which is to say that the Bose-Mesner algebra of A is a commutative algebra.
The following are true for A:

(i) Ao =1,
d
(ii) ZA,- = J,

(iii) AT € A for each i,
(iv) A;A; = AjA; is the the span of A and
(v) AioA; =0

where o denotes the entry-wise matrix product (called the Schur product or
the Hadamard product).

In general, a set of Ol-matrices which satisfies a), b), ¢) and d) is said
to be an association scheme. We see that the Bose-Mesner algebra of any
distance regular graph is an association scheme, but the converse is not true.
An association scheme whose matrices are the distance matrices of a distance
regular graph is said to be a metric association scheme. An important prop-
erty of metric association scheme is that A; is a linear combination of the
powers of A.

For each i, let p;(t) be the polynomial such that
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3.1. BOSE-MESNER ALGEBRA

Let A be an eigenvalue of A with eigenvector v. We have that

and so v is an eigenvector of A; with eigenvalue p;(\) for each i. Then
the matrices of A have the same eigenvectors. This gives us hope that the
simultaneous eigenspaces of the A;s will give us more information about the
Bose-Mesner algebra. Indeed, we will be able to construct another matrix
basis of the span of A using the eigenspaces of A.

Let A, ..., Aq be the eigenvalues of A with eigenspaces Wy, ..., Wy, re-
spectively. For each i € {0,...,d} let U; be the matrix whose columns form
an orthonormal basis for W; and let

E; = U0

be the projection onto W;. Since X is regular, we may assume without loss
of generality that \q is the valency of X. We have the following lemma.

3.1.1 Lemma. Let X, A and {E;, \;, pi(t)}, be as defined above. Then
for each i,j € {0,...,d} the following are true:

(a) Ey = cJ for some constant ¢ € R,

(c) span({E;}L,) = span(A), and
where § denotes the Kronecker delta.

Proof. Part a) follows from the assumption that )¢ is the valency of the
graph since W, is spanned by the all-ones vector. By definition of the U;’s,
we have that

E? = U;UUUN = E;

and for i # j
E:E; = U;UlU; U] =0

since the vectors in different eigenspaces of a symmetric matrix are orthogo-
nal. We see that part d) is true.
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3. MATRIX ALGEBRAS

Since A is a symmetric matrix, its eigenspaces form an orthogonal parti-
tion of R™ and so we can decompose any vector v € R" into the sum of its
projections on the eigenspaces of A. That is to say that for v € R",

v=FEwv-+- -+ Ev.
Since this is true for all vectors in R", we have that
Eoy+---+E;=1

and part b) follows.

To show that part c¢), we will first show that each A; is in the span
of the E;’s. Then, the statement of part ¢) will follow from the fact that
span(A) C span({E;},) and their bases have the same cardinality. In
particular, we will show

d
7=0

Consider A; and E;. Each column of U, is an eigenvalue of A; with eigenvalue
pi(A;) so,
AE; = AUUT

= (Ain)UjT

= (p(\)U) U}

= pi(X)E;.
Now we use the projection of the columns of A onto the partition of R"
imposed by the E;’s to obtain

Ai=AiEy+ AiEL +- -+ AiEy
= pi(Ao) Eo + pi( M) Er + - + pi(Aa) B

as required. O

From Lemma 3.1.1, we see that {E;}%, is another basis for the Bose-
Mesner algebra of X which behaves nicely under the matrix product. Observe
that property e) of A implies that the Bose-Mesner algebra is closed under
the Schur product. It follows that E; o E; € span(A). In particular, there
exists constant qu such that

d
E;oE; =) q}Ey.
k=0
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3.2. TERWILLIGER ALGEBRA

The constants qu, where 7,7 and k range from 0 to d, are called the Krein
parameters of X. We always have that qu > 0 forall 0 < 14,5, k < dsince they
are eigenvalues of the Schur product of two positive semidefinite matrices and
are hence nonnegative. In the literature, these inequalities is refered to as
the Krein bounds. In Section 4.2, we will give a more complicated proof for
the Krein bounds of strongly regular graphs and obtain information about
the graph when one of the Krein bounds is tight.

3.2 Terwilliger algebra

We defined the Bose-Mesner algebra of a distance regular graph X with
diameter d to be the matrix algebra generated by the distance matrices A =
{Ap,..., Ay} of X. To study triply regular graphs, we will need a matrix
algebra which captures more information about the distance classes of X.
To this end, we will define the Terwilliger algebra of X.

Fix a vertex x € V(X)) and recall that X;(z) denote the set of vertices at
distance 7 from x. Let F; be a diagonal matrix such that the (u,u) position
of F; is 1 if d(u,x) = i and 0 otherwise. Essentially, the F;’s are diagonal
matrices with the characteristic vectors of the distance partition of X with
respect to x on the diagonal. The matrix algebra generated by the distance
matrices A and the diagonal matrices Fy,..., Fy is called the Terwilliger
algebra of X with respect to x. We will call x the vertex of origin.

We established in Section 2.2 that the distance partition of a distance
regular graph with respect to any vertex will be equitable. The Terwilliger
algebra of X may be different depending on the choice of the vertex of origin.
The Terwilliger algebra was first introducted by Terwilliger in 1992 in [12].

We will now show some basic, technical properties of the Terwilliger al-
gebra.

From the definition of F; for ¢ € {0,...,d}, we see that

For 0 <14,j <d, both F; and Fj are diagonal matrices with the characteristic
vectors of a partition of V' as diagonal, so we have that

FF; = 6, F,.
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3. MATRIX ALGEBRAS

Due to the combinatorial interpretation of the A;’s and F}’s, some products
can be expressed easily. We can consider the three-fold product

FAF

for 0 < 4,7,k < d. We can find the (u,v) entry of this product by direct
computation:

1 if Xi(x), X d X;
(FiA F) = if u e | (z), v € Xp(z) and u € X;(v) (3.2.1)
0 otherwise.
Using equation 3.2.1, we can find that
F()Aj = F()Ajﬁ}'
and
AjEO = EJA]EO
By more direct calculation, we can see that
1 ifd(u,v) =1 and d(v,x) = j
otherwise.
Then,
(AszAk)uw = Z (AiFj)uv(Ak)vw
veV(X)
= Z (AiFj)uv
veXy(w)
= |{v e Xi(z) : ve X;(u)NX;(x)}
= [ Xi(u) N X;(x) N Xy (w)
and we have
(AiF5AR) e = | Xi(u) N X;(z) N X (w)] (3.2.2)

for any 0 <14, 5,k < d. Using equation 3.2.2, we can calculate further that
A;FoAy = F,JFy,.
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3.2. TERWILLIGER ALGEBRA

Since A is an association, we know there exists constants pfj such that

d
AiA; = ph AL

k=0

Using the pfj and the above calculations, we can simplify some four-fold
products of the A;’s and F}’s, as follows:

d
FoAz'FjAk = 62’]’ prkFUAze

=0
and

d
A FjALEy = by, prszAzFo-
=0
The proof follows from direct calculation and are not included here.
We summarize these technical properties and some immediate conse-
quences in the following lemma.

3.2.1 Lemma. The following are true for the Terwilliger algebra of a distance

regular graph:

d
(i) I=A4=> F,
=0

d
(ii) AiA; = AL,
k=0

(iv)
(FLA,Fi)u = {(1) 1€ Xia) 0 € X)X
(v) FoA; = FoA;F; and AjEy = E;AjEy,
() (AFy A = |Xa(u) 1 X () 1 X)),
(vii) AiFoAy, = FJFy,
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3. MATRIX ALGEBRAS
d
(viii) JF;A, =Y plyJF,
1=0
d
(ix) Ay =Y phiFid,
k=0

d
(x) FoAiF;A, =655 Y plFoAcFy, and
=0

d

(xi) AiFjApEy = 0k prkFEAEFO-
=0

18



Chapter 4

Strongly regular triply regular
graphs

In Section 4.1, we will use the Terwilliger algebra of the graph to show the
following theorem of Munemasa [9] describing triply regular strongly regular
graphs.

4.0.2 Theorem. A strongly regular graph is triply regular if and only if its
subconstituents with respect to any vertex are strongly regular.

We will then proceed to study strongly regular graphs with strongly reg-
ular subconstituents. For a graph to have strongly regular subconstituents,
it suffices to have one tight Krein parameter [4]. There are two approaches
to the proof. Godsil and Royle approach the problem by studying the local
eigenvalues of the graph as found in [6], which we will visit briefly in Section
4.2. In Section 4.3, we will look at the original proof of Cameron, Goethals
and Seidel in [4], which uses the spherical t-designs formed by the projections
of some orthonormal basis of R" associated with the vertices of a strongly
regular graph X onto the eigenspaces of X. In Section 4.4 we will show
a theorem about necessity of strongly regular graphs with strongly regular
subconstituents. Finally, in Section 4.5, we will look at small examples of
graph with strongly regular subconstituents.

4.1 Strongly regular graphs

In this section, we will prove Theorem 4.0.2 following [9]. In order to prove
this, we need a few properties of the Terwilliger algebra. Let X be a strongly
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4. STRONGLY REGULAR TRIPLY REGULAR GRAPHS

regular graph and fix vertex z € V(X). Let Ay, A; and Ay be the distance
matrices of X. For ¢« = 0,1, 2, let F; be the diagonal matrix with the char-
acteristic vector of X;(z). We will consider 7" the Terwilliger algebra of X
with respect to vertex x.

Let Ty be the linear subspace of T' spanned by

{(FAF, - 0<i,jk<d}

Clearly, Tj contains A; for every i and F} for every j. Then Tj generates T
as an algebra but may be a proper subspace of T

4.1.1 Lemma. The subspace Ty is closed under the Schur product.

Proof. 1t is easy to see by Lemma 3.2.1 part (iv) that
Fpo(FAjFy) = Fy

when ¢ = k = ¢ and j = 0 and
Fyo (F;AjF,) =0

otherwise. Following some calculations using Lemma 3.2.1, we also obtain
Ayo (FAF,) €T

and the lemma follow. O

4.1.2 Lemma. A distance regular graph X is triply regular if and only if
T =T, for every choice of the vertex of origin.

Proof. Recall that X is triply regular if
| Xi(u) N X(0) N X (w)]

is independent of the choice of u,v and w, such that the pairwise distances
are d(u,v) = my, d(v,w) = my and d(w,u) = ms. From Lemma 3.2.1 part
(vi), we have that

(AiFj Ak Juw = | Xi(u) 0 X(2) N X (w)],

where x is the vertex of origin of 7. Then Lemma 3.2.1 part (vi), X is triply
regular if and only if A;F; Ay is a linear combination of scalar multiples of
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4.1. STRONGLY REGULAR GRAPHS

matrices of form FyA,, F,, for all 0 <i,j,k < d. Then X is triply regular if
and only if A;F;A, € Ty for all 0 <4, 5,k < d. If T; = T', then we have that
X is triply regular.

For the converse, suppose that X is triply regular. We will consider
elements of T" as linear combinations of words in A; and F;. We will show
that M € T is in Ty by induction on the maximum length of the words in M,
denoted s(M). Clearly since A; and F} are in Tj for all 7 and j, the base case
is true. Consider M with s(M) > 1. If in the longest word of M, we have
consecutive matrices of the same type, i.e. A;A; or F;F; for some ¢ and 7,
then we can reduce s(M) using Lemma 3.2.1 part (ii) or part (iii). Otherwise,
the longest word of M alternates between A;’s and Fj’s and we can reduce
its length using the above observation that A;F;A; is a linear combination
of scalar multiples of matrices of form F,A,,F,, for all 0 <1,j, k < d. Then,
M € Ty by induction. a

We assume from this point forward, that we must prove the statement
for any choice of x the vertex of origin. If X has diameter 2, then we can
simplify the requirement for Ty, = T.

4.1.3 Lemma. A strongly regular graph X is triply regular if and only if
AlFlAl € To.

The proof of Lemma 4.1.3 follows easily by relating A;F; Ay to A1F1A;
using Lemma 3.2.1 and will be omitted here. Now we are ready to prove
Theorem 4.0.2 in two steps.

4.1.4 Theorem. If X is a strongly regular graph, then X is triply regular
if and only if its subconstituents with respect to any vertex are distance
regular.

Proof. Observe that F;A;F; is a block matrix with the adjacency matrix of
the 7th subconstituent of X as a principal block and 0 elsewhere. Then, if X
is triply regular, X induces an association scheme on the subconstituents of
X.

Now suppose that X induces an association scheme on the subconstituents
of X. Then

(AR = RAIFRAF = RAFA R

and
(F2A1F2)2 = b A By YA F, = Fob AP AvF
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4. STRONGLY REGULAR TRIPLY REGULAR GRAPHS

are in the Spans of {FlAlFl, FleFl, F1JF1} and {FQAlFQ, FQA()FQ, FQJFQ},
respectively, and so are in Ty. Then Fo A1 F1 A Fy € Ty. By Lemma 4.1.1, we
have that

Aso A FMAF,

and
Al O FQAlFlAlFQ

are both in 7. We can observe that the following are equivalent:
° AQ @) FlAlFlAlFl € TO and
® Al e} F2A1F1A1F1 S To.

This follows from the technical observation that both of these statements is
equivalent to the condition that

[ X1 (w) N Xy (y) N X (2)]

is a constant independent of the choice of w,y,z such that d(w,y) = 1,
d(y,z) =1 and d(w, z) = 2. Similarly, the following are equivalent:

° Al @) F2A1F1A1F2 € TO and
° AQ o F2A1F1A1F2 € TO .

This follows from the technical observation that both of these statements is
equivalent to the condition that

| X1(z) N Xi(y) N X (2)]
is a constant independent of the choice of z,y,z such that d(x,y) = 2,
d(y,z) =1 and d(z, z) = 2.
Then we have that
A FA = (Fy+ i+ B) A FA (Fy + Fr + F)

so A F1 Ay € Ty and X is triply regular as required. O

4.1.5 Lemma. If the subconstituents of a strongly regular graph are distance
regular then they are also strongly regular.
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4.2. THE KREIN BOUNDS

Proof. Suppose X is strongly regular and triply regular and the ¢th subcon-
stituent of X with respect to vertex z is distance regular of diameter e > 2
for some i € {1,2} and some x € V(X). Let {by,...,be—1;¢1,...,Cc} be the
intersection array of the ith subconstituent of X. Consider u,v, w,y € X;(x)
such that vertices u and v are not adjacent in X, vertices w and y are not
adjacent in X and the distances of the pairs {u,v} and {w,z} are different
in the ¢th subconstituent of X. Since X is triply regular, we obtain

| Xi(z) N X (u) N X;(0)] = [Xi(2) N X (x) N X(y)l-
This implies that by = b3 = -+ = b._1 and ¢y = - - - = ¢, which contradictions
feasibility condition for intersection arrays of distance regular graph. O

We see that Theorem 4.1.4 together with Lemma 4.1.5 imply Theorem
4.0.2.

4.2 The Krein bounds

Let X be a strongly regular graph. We consider the first and second sub-
constituent of X with respect to some vertex x and we will abuse notation
and use X;(z) to denote the graph induced by the vertices at distance i
from X. An eigenvalue of X;(x) is said to be a local eigenvalue if it is not
an eigenvalue of X. By studying local eigenvalue and using Theorem 2.3.1,
Godsil and Royle show the following theorem. The details can be found in
6, p. 227-235].

4.2.1 Theorem. Let X be a primitive strongly regular graph with parame-
ters (n, k, a, c) and eigenvalues k,0 and T, with multiplicities, 1, my and m.,
respectively. Then,

q, = 07° —20°T — 0 — kO + kr* + 2k >0

and
q§2 = 0%r — 2072 — 0 — k1 + k6% + 2k6 > 0.

If either inequality is tight, then one of the following is true:
(i) X is the 5-cycle,

(ii) either X or its complement has all its first subconstituents empty, and
all its second subconstituents strongly regular, or

(iii) all subconstituents of X are strongly regular.
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4. STRONGLY REGULAR TRIPLY REGULAR GRAPHS

4.3 Spherical t-designs

Let X be a strongly regular graph with parameters (n,k,a,c). Let Ay =
1, A, Ay be the distance matrices of X. Let 6§ > 7 be the eigenvalues of
X, other than k£ and let their multiplicities be my and m, respectively. Let
Wo, W1, W5 be the eigenspaces of X, corresponding to k, 6, and 7 respectively.
Let E; be the orthogonal projections onto the W; for i = 0,1, 2, as in Chapter
3. We identify the vertices of X with an orthonormal basis X = {z1,...,2,}
of V :=R". We see that

V=WyeW, & W,.
Let Y; be the set of projections of {x;}7_; onto W;, which is to say that
Yi={Eiz; : j=1,...,n}.

Recall that F; = UiUZ-T where Uj; is the matrix with an orthonormal basis B;
of W; as columns. We always have that Uy = \/iﬁln where 1,, is the all ones
vector of dimension m. Then,

U=1[Uy U U

is the orthogonal transition matrix from X to B = By + By + Bs.
Using standard matrix arguments, we know that there exists constants
«; and (; such that

iEl =1+ a4+ B,
mye

and
n
—FEy =1 + apAy + B As.

T

Then, we may assume the first basis vector of U; is

1
a;1y,

Bily
where / =n — k — 1. Let 0,, be the zero vector of dimension m. Then, we
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4.3. SPHERICAL ¢-DESIGNS

can write U into blocks as

woLOVE | On | V| O

U= | |Vl | g | el | ek

Tle | TEBele | p=La | /T Bele | =Lo

where K7, Ky, Ly and Ly are k X (mg — 1), k x (m, — 1), £ X (mg — 1) and
¢ x (m,; — 1) matrices, respectively. Then, since the columns of U are an
orthonormal basis, we have
Ut =1
and be obtain the following lemma.
4.3.1 Lemma. For: = 1,2,
Kl'i, =0, LI'1,=0,
and
KI'Ki+LILi=(0—7)I.

Recall that the Krein parameters qu are given by

2

k=0

for i,j € {0,1,2}. We need the following technical lemma, whose proof we
will omit.

4.3.2 Lemma. The matrice ®; := \/el_i(aiKiTKi + BiLTL;) for i = 1,2
satisfies

_ Qh(mé’ —1- mﬁl)”

me

(mg — D)tr(®3) — tr(®;)?

and

. q%Q(mT —-1- nq§2)n

— - .

If ®; = ~I for some v, then ¢i; = 0 or (u; — 1) divides n, where j; = my and
po = m,. Further, if ¢; = 0, then ®; = 0.

(my — 1)tr(®2) — tr(dy)?
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4. STRONGLY REGULAR TRIPLY REGULAR GRAPHS

A spherical t-design is a finite subset S of the unit sphere in R™ such that
the average value of any polynomial of degree at most ¢ in m variables over
the points in S equals its average value of the sphere. We can find that S is
a spherical 1-design if and only if

ZS:O.

Let Z be a matrix such that the columns of Z are the elements of S. Then S
is a 2-design if and only if ZZ7 is a nonzero multiple of the identity matrix.
Any spherical 2-design which is a 2-distance set gives a pair of strongly regular
graphs. A description of spherical designs which contains the proofs of the
above statements can be found in [7, p. 272-273].

Fix x € V(X) and let z; be the basis vector associated with z. Let €2; be
the subspace of V; orthogonal to E;z;.

4.3.3 Theorem. For i = 1,2, the projection of X;(z) and Xs(x) into the
subspace (); are spherical 2-designs of k and ¢, respectively, if and only if
¢; = 0.

Proof. By definition, K; and L; are matrices with the vectors of the projection
of Xi(z) and Xs(z) into the subspace 2; as columns, respectively. Then,
Lemma 4.3.1 gives that the projections are 1-designs. Then Lemmas 4.3.1
and 4.3.2 give that

KK+ BiLT L =0

and
K'Ki+ L L= (0 —1)I.

Hence KI'K; and LY L; are nonzero multiples of the identity matrix. Then,
KPK; and L] L; are the Gram matrices of spherical 2-designs in ;. Con-
versely, if KI'K; and LT L; are the Gram matrices of spherical 2-designs in
W;, then ®; =4I and ¢, = 0. O

We know that the vectors of Y; form a spherical 2-distance set in V; from
n
—E1 =1 + OZ1A1 + 51142

me

and n
— By =1+ ap Ay + B As.

T

Then we have shown the following theorem.
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4.4. SMITH GRAPHS

4.3.4 Theorem. [4] Let X be a strongly regular graph. Suppose ¢;i* = 0
for some i € {1,2}. Then, for every vertex x, the subconstituents X;(z) and
Xsy(z) are both strongly regular.

4.4 Smith graphs

Let X be a strongly regular graph with eigenvalues k > 6 > 7. Let n, k,a,c
be as follows:

200 —7)2((20 + 1)(0 — 1) — 30(6 + 1))
(0 —71)2—-0%0+1)2 ’

—7((20+1)(0 —7) —0(60 + 1))
O@—71)+6(0+1) ’
=0T+ 1)((0— 1) —0(0+3))
B O@—71)+6(0+1)
O+ 1)7r((0—7)—0(0+1))
O—71)+6(0+1)
If (n, k,a,c) are the parameters of X, then X is said to be a Smith graph.
A strongly regular graph is said to be of pseudo Latin square type if it
has the same parameters as a Latin square graph. A strongly regular graph

is said to be of negative Latin square type if there exists n and r such that
its parameters are

k:

,and

(n®,r(n+1),—n+7*+3r,r* +7).

4.4.1 Theorem. Let X be a strongly regular graph and suppose there exists
x € V(X)) such that the subconstituents X;(z) and Xs(z) are both strongly
regular. Then, one of the following is true:

(i) X is isomorphic to the pentagon,
(ii) X is of pseudo or negative Latin square type, or
(iii) X or its complement is a Smith graph.

This does not fully characterize the set of strongly regular graphs with
strongly regular subconstituents. The next theorem gives a characterization
of graph where ¢, = 0.
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4. STRONGLY REGULAR TRIPLY REGULAR GRAPHS

4.4.2 Theorem. Let X be strongly regular graph. Then ¢, = 0 for some i €
{1,2} if and only if X is either a pentagon, a Smith graph or the complement
of a Smith graph.

4.5 Small examples of vanishing Krein pa-
rameters

A generalized quadrangle of order (s,t), denoted GQ(s,t), is an incidence
structure such that

(i) each point is incident with ¢+ 1 blocks and any two points are incident
with at most one block,

(ii) each block is incident with s+ 1 points and any two blocks are incident
with at most one point, and

(iii) for every x € P and L a block in B not incident with z, there exists a
unique pair of point and block, say (y, M), where x is incident with M,
M is incident with y and y is incident with L.

The point graph of a generalized quadrangle () is the graph whose vertices are
the points of () and two vertices are adjacent if they are both incident with a
block of @). It is well-known that the point graph of generalized quadrangle
of order (s,t) is a strongly regular graph with parameters

((s+1)(st+1),s(t+1),s—1,t+1)

and can be found in [10, p.291]. Some calculations will give that the point
graph of a generalized quadrangle of order (s, s®) or (s?,s) has ¢i; = 0 for
some 7.

From the table of parameters of strongly regular graphs of [2], we can
find all graphs with no more than 1000 vertices such that ¢%, = 0 for some i.
The information is summarized in Table 4.1. By Theorems 4.0.2 and 4.3.4,
these graphs are triply regular.

Since the graphs in Table 4.1 have strongly regular subconstituents, it
is natural to look at the parameters of the subconstituents. For generalized
quadrangles and most of the other graphs in the table, the first subconstituent
is a disjoint union of complete graphs. Hence, it would be more interesting
to look at the parameters of the second subconstituent. Given the number
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4.5. SMALL EXAMPLES OF VANISHING KREIN PARAMETERS

Parameters Comments Number of graphs
(16,5,0,2) Clebsch graph unique
(27,10,1,5) Schaefli unique
(100,22,0,6) HigmanSims unique
(112,30,2,10) GQ(3,9) unique
(162, 56, 10, 24) unique
(275, 112, 30, 56) 2-graph unique
(325,68,3,17) GQ(4,16) at least 1
(640,243,66,108) no known graphs
(756,130,4,26) GQ(5,25) 2 distinct graphs
(784,116,0,20) no known graphs
(800,204,28,60) no known graphs

Table 4.1: All graphs meeting Krein bound with number of vertices less than
1000.

of vertices and the valency, for small graphs, the parameter set of the second
subconstituent can be determined and we summarize the parameter classes
in Table 4.2

This implies that the 2nd subconstituent of the Schlaefli graph with re-
spect to any vertex is isomorphic to the Clebsch graph and the 2nd subcon-
stituent of the Clebsch graph with respect to any vertex is isomorphic to the
Petersen graph.
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4. STRONGLY REGULAR TRIPLY REGULAR GRAPHS

Parameters of X | Params of Xs(x) Comments
(16,5,0,2) (10, 3,0, 1) unique
(27,10,1,5) (16, 5, 0, 2) unique

(100,22,0,6) (77, 16, 0, 4) unique
(112,30,2,10) (81, 20, 1, 6) unique
(162, 56, 10, 24) | (105, 32, 4, 12) unique
(275,112,30,56) | (162,56,10,24) unique
(325,683,17) | (256, 51, 2, 12) at loast 1
(640,243,66,108) | (396,135,30,54) | no known graphs
(756,130,4,26) | (625,104,3,20) at least 1

(784,116,0,20)

(667,96,0,16)

no known graphs

(800,204,28,60)

(595,144, 18,40)

no known graphs

Table 4.2: Strongly regular second subconstituents of graphs.
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Chapter 5

Open problems and further
research

From Theorems 4.0.2 and 4.3.4, we get the following statement about strongly
regular triply regular graphs.

5.0.1 Theorem. Let X be a strongly regular graph. If ¢!, = 0 for some
i € {1,2}, then X is triply regular.

While we have looked at many theorems concerning triply regular graphs
of diameter 2, there is much less literature concerning triply regular graphs
of diameter greater than 2.

We saw that strongly regular graphs with strongly regular subconstituents
have been well-studied. The natural generalization is to strongly regular
graphs with distance regular subconstituents. It is known that any con-
nected subconstituent of a strongly regular graph has diameter at most 3
and Gardiner et al. characterize this case in [5].

From Table 4.1, we see that there exists two non-isomorphic graph with
co-parametric second subconstituents. There are no known exactly of pairs
of non-isomorphic graphs with isomorphic second subconstituents. Such ex-
amples would be of interest for research on graph isomorphism and graph
invariant.
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